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ABSTRACT

Evidence for nonducted VLF propagation between conjugate hemispheres
has been found in records from the broadband VLF receivers aboard the
polar satellites OGO 2 (419-1521 km) and OGO 4 (412~-908 km). The non-
ducted signals described here are received in the ionosphere between
47O and 560 invariant latitude. They have never been observed on the
ground and include natural whistlers and fixed-frequency signals (10.2-
12.5 kHz) from the U. S. Navy Omega transmitters. In a frequency-time

spectrogram, these nonducted whistlers appear as rising tones with a

lower cutoff frequency in the approximate range of 5 to 8 kHz. They
have been named "walking trace” (WT) whistlers, since a rapid increase

in travel time as a function of satellite latitude causes successive
examples of the rising trace to "walk through other whistlers having
equal dispersions and produced by the same sequence of lightning sources.
A train of WT whistlers exhibits a nearly constant lower cutoff frequency
which is equal to the maximum value of the lower hybrid resonance (LHR)
frequency above the satellite, and an upper cutoff freqﬁency that
decreases with increasing satellite latitude. Reflected waves following
a WT whistler can also be received if the LHR frequency below the
sateliite reaches values greater than those above it. Observed spectral
shapes of such whistlérs resemble a fish hook. Fixed-frequency Omega
signals observed by OGO 4 in the hemisphere conjugate to the transmitter
frequently have characteristics similar to those of the WT whistlers.

The Omega signals exhibit two features that are not apparent in the
natural whistlers: an enhancement of signal strength and a Doppler

shift that increases with latitude and may reach hundreds of Hertz.
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The main characteristics of the above phenomena are explained by tracing
nonducted rays betWeen conjugate hemispheres in a model magnetosphere.

An equatorial electron density prbfile is derived from the WT whistlers.
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I. INTRODUCTION

A, BACKGROUND OF THE PROBLEM

A lightning flash produces very low frequency (VLF) waves that may
propagate through the magnetosphere. When received on the ground or by
a spacecraft in the magnetosphere, these waves show a dispersivé charac~
teristic, resulting in a sound like a whistle heard when the signals are
reproduced by means of an audio amplifier. For this reason they have been
called "whistlers' (see Helliwell [1965] for more details). In order to
explain the properties of whistlers observed on the ground, Smith [1960]
developed a theory of trapping of whistler energy along a tube of force
by an enhancement of ionization. These ducted whistlers have been used
to study properties of the electron distribution in the magnetosphere
(see Helliwell [19651]).

VLF receivers on satellites have revealed a complete new class of
whistler phenomena. A cross section of the magnetosphere containing a
geomagnetic meridian is shown in Figure 1. The positions of four receivers,
one on the ground and three in the magnetosphere, are indicated by the

R R and R,. Waves produced by a lightning flash can

symbols R o? Rg 4

1’

R and R through the magnetosphere. The receiver on

only reach R2, 3 4

the ground, Rl’ may receive signals propagating through the magnetosphere
and also through the earth-ionosphere wave guide.
A lightning flash may produce a frequency versus time record such as

. The whistler indicated

the one sketched in Figure 2a, when received by R1

by an 0 1is the one reaching R through the earth-ionosphere wave guide.

1

This component shows almost no dispersion. However, the component prop-

gating through the magnetosphere, indicated by 1, presents time delays



)s
%

T - TRANSMITTER R- RECEIVER 5 - LIGHTNING

Figure 1.

Cross section containing a geomagnetic meridian
plane, a VLF transmitter (T) and a lightning
flash () are shown. A ground VLF receiver is
indicated by R,. Two receivers, R and R,
are located in polar, low altitude satellites.

A receiver in a high altitude satellite is
represented by R_. For reference the thin line
shows the line of force at L = 2.5.
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R3.



kHz kHz
IO ol
S -
o) ] | ] | |
I 2 3 sec o | 2 Zli sec
(e) (f)
KkHz " wr - |- I-
10 WT
WT
wWT
5 ' | ]
0 5 10 5 sec
(g)
kHz
Jeol
5 | 1 1
0 | 2 3 sec
(h)

Figure 2. Frequency versus time spectrograms: (e)
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that are a function of frequency. Sometimes trains of whistlers are
seen, with components presenting 'nose' characteristics (see Helliwell
[1965]1). This case is illustrated in Figure 2b.

Whistlers received by R may produce a spectrogram as shown in

2
Figure 2c. The component indicated by 0+ reaches the satellite through
propagation in the so-called electron whistler mode and the other in the
proton whistler mode [Gurnett et 2l., 1965]. The proton whistlers show

an asymptotic behavior at the proton gyrofrequency at the satellite. They
are not observed on ground records and to understand their behavior it is
necessary to consider the movement of protons in the derivation of the
phase refractive index.

Another kind of whistler that is observed by a receiver at R3 and
named magnetospherically reflected (MR) whistler [Smith and Angerami,
1968] is illustrated in Figure 2d. The waves that produce these whistlers
are reflected in the magnetosphere and move back and forth across the
magnetic equator. Another kind of whistler that may be observed by R3,
is shown in Figure 2e. This is the Nu whistler, which is also a conse-
quence of reflection in the magnetosphere [Smith and Angerami, 1968].

As in the case of proton whistlers, these whistlers are not observed on
ground records.

Several different kinds of whistlers may be received at R One of

4
these is the ion-cutoff whistler, sketched in Figure 2f [Muzzio, 19681].

The double valued trace presented by these whistlers results from reflec-
tion of downcoming waves in the ionosphere. Another whistler that may be

received by R is the one indicated by 1_ 1in the sketch of Figure 2g.

4
This whistler propagates in a nonducted mode and is the result of the

presence of large horizontal gradients in the ionosphere [Scarabucci et al.

1969]. -5 -



Another whistler that may be observed is indicated by the letters
WT in Figure 2g. It has the characteristic of a rising tone, and also
has not been observed on ground records. Generally in a spectrogram a
sequence of these whistlers is observed displaying a constant lower
cutoff and an upper-cutoff frequency that decreases with the latitude of
the receiver. The increase of travel time for a given frequency when the
receiver is moving toward higher latitudes makes them appear to walk
/through the 1  component, and for this reason have been named "walking
trace'' (WT) whistlers. These are the whistlers that will be explained in
this report. The understanding of these whistlers led to an explanation
of certain other VLF phenomena. For example, in special circumstances
WT whistlers are followed immediately by a trace that has been inter-
preted as caused by refraction in the ionosphere. These whistlers have
the appearance of a fish hook and are illustrated in Figure 2h.

The U. S. Navy has transmitters at fixed frequencies in the range of
WT whistlers, and it is expected that the associated signals may propa-
gate in the same mode as the WT whistlers. Fixed-frequency signals
received by a satellite in the hemisphere conjugate to the transmitter
not only exhibit the main characteristics of WT whistlers, but also
show two new effects not observable in the WT whistlers, a focusing

effect and large Doppler'shifts in frequency.

B. OBJECTIVE OF THIS WORK

One of the purposes of the present work is to describe and interpret
WT whistler phenomena identified in midlatitude ( ~,500) spe ctrographic
records from the VLF experiment aboard the low-altitude polar satellites

0GO 2 (419-1521 km) and OGO 4 (412-908 km).



The WT whistlers and their counterparts in manmade VLF signals
present a remarkable variety of effects, including limited latitude range
of observation, rapid variation in travel time with position,bupper and
lower intensity cutoffs, focusing, and Doppler shifts. Ray tracing
analysis has been successful in predicting nearly all of the observed
effects.

Another purpose of this work is to describe the ray egquations in a
more simple way than the ones found in the literature. A description

of a digital ray-tracing program is also given.

C. RAY-TRACING TECHNIQUE
Ray-~tracing has been used successfully to explain new whistler
phenomenon observed on records from satellites. Historically the first

whistler ray paths in a smooth magnetosphere were graphically calculated

by Maeda and Kimura [1956]. This study was made to explain ground observed
whistlers. For the refractive index they used the quasi~longitudinal (Q.L.)
approximation (see for instance Stix [1962] or Helliwell [19651]1) and they
considered a magnetosphere constituted of electrons only. Haselgrove
[1954] derived a set of first order differential equations based on Fermat's
principle suitable to be solved with the aid of a digital computer.
Haselgrove [1957] presented calculations of ray paths using her two-
dimensional cartesian ray tracing equations. In these calculationsvthree
assumptions were made. The quasi-longitudinal approximation for the
whistler refractive index was used, the movement of positive ions was
neglected, and a horizontally stratified magnetosphere was assumed.
Whistler ray path calculations which used the exact expression

for the refractive index and a digital computer were published



by Yabroff [1961]. The hypothesis of a magnetosphere composed of electrons
only was again assumed in this work. Yabroff also studied the problem of
ducting of whistlers by columns of enhanced ionization along the field
line.

Hines [1957] has shown that for VLF it is possible to have transverse
propagation and to have rays refracted back toward the earth at low lati-
tudes when the movement of positive ions is allowed for. Hines, Hoffman
and Weil [1959] did ray tracing including protons for the special case of
transpolar propagation. Kimura [1966] published the first ray-tracing
results that included effects of three major ions in the magnetosphere
H+, He+, and 0. Shawhan [1966] wrote a two-dimensional ray-tracing
program of which the main purpose was to explain some whistler phenomena
observed in Injun satellites. Smith and Angerami [1968] showed quali-
tatively that some of the ray paths calculated by Kimura could be used to
explain anomalous nose whistlers observed near the equatorial region at

high altitude in the data from 0OGO~1l. These whistlers are called

'magnetospherically reflected’' (MR) whistlers.

D. PIAN OF THIS RESEARCH

The walking trace whistler is deécribed and explained in Chapter 2.
Doppler shifts and focusing effects in fixed-frequency signals are
analyzed and explained in Chapter 3. Development of the ray equations
for a two dimensional geometry is given in Chapter 4. Also in this
chapter a digital ray-tracing program is described, and physical interpre-
tations of typical ray paths are given. The summary and conclusions of
the results of this work are presented in Chapter 5.

The listing of the ray-tracing program constitutes Appendix A. An

-8 -



example of input cards for this program is given in Appendix B, with a
listing of a typical output shown in Appendix C. In Appendix D the
equations derived in Chapter 4 are shown to be equivalent to the Hasel-

grove [1954] equations. The differential equation governing the variation

with the phase time of the angle between the wave normal and the geo-
magnetic field is derived in Appendix E. Finally, in Appendix F, the

differential Snell's law is derived.

E. CONTRIBUTIONS

New whistler phenomena, the walking trace whistler and focusing
effects and Doppler shifts in manmade signals are described and explained
using a ray-tracing technique. The two-dimensional ray equation is
obtained in a simple way. It is shown that the differential Snell's law
applied by Haselgrove [1954] is only valid for a medium with parallel
stratification. A new way to write a two-dimensional ray-tracing program

is presented based on three not four differential equations.

-9 -



I1I. THE WALKING TRACE WHISTLER

A, INTRODUCTION

Satellite studies have revealed a remarkable variety of 'nonducted"
whistler phenomena, that is, whistlers whose paths are not confined to
field-aligned irregularities in the magnetosphere. Particular types of
nonducted whistlers are often observed in relatively limited regions of
space and may exhibit unusual dispersion properties that vary rapidly
with observing position. Such effects invite attempts at analysis by
ray tracing. For example the magnetospherically reflected (MR) whistler
has been explained qualitatively by Smith and Angerami [1968], based on
Kimura's ray tracing results [1966].

The purpose of this report is to describe and interpret a new
whistler phenomenon identified in mid~latitude ( ~»500) spectrographic
records from the VLF experiment aboard the low-altitude polar satellites
0GO 2 (419-1521 km) and OGO 4 (412~908 km). These whistlers, first
called to our attention by John Katsufrakis of our laboratory, have been
named "walking—trace" (WT) whistlers, for reasons explained below. In
contrast to the MR whistler, whose path reaches the equatorial region amd
then oscillates back and forth across the equator, the WT whistler crosses
the equator and then continues downward into the conjugate ionosphere.
The WT whistler and its counterpart in manmade VLF signals presents a
remarkable variety of effects, including limited latitude range of
observation, rapid variation in travel time with position, upper and
lower intensity cutoffs, focusing, and Doppler shifts. Ray~tracing
analysis, applied for the first time to a complex nonducted whistler

propagating between conjugate ionospheres, has been successful in predicting

- 10 -



nearly all of the observed effects. (Several of the effects were only
recognized as part of the WT phenomenon after ray tracings were made.)
The next section contains a brief description of the observations.
Following this is a description of the ray-tracing analysis and a dis-
cussion of the physical factors influencing the various WT whistler

properties. Later sections are devoted to details of the observations.

B. DESCRIPTION OF THE WT WHISTLER

On frequency-time records from satellites, WT whistlers appear as

rising tones whose travel time increases rapidly with increasing satellite
latitude. The main features of the WT whistler are illustrated on an
0GO~-4 record in Figure 3a. Frequency in kHz is displayed versus UT and
invariant latitude on a northbound pass over Rosman, North Carolina.
Heavy arrows identify four WT whistlers. Typical features are the rela-
tively constant lower cutoff frequency and an upper cutoff frequency that
decreases with increasing satellite latitude. The second event is shown
with an expanded time scale in Figure 4.

For each of the WT whistlers identified by a heavy arrow in Figure
3a, a vertical arrow in the lower margin identifies a corresponding nearly
impulsive whistler. It propagates on the short, so-called 'fractional
hop' o} 0+ path up through the nearby ionosphere to the satellite. A
horizontal bar and astérisk in the upper margin identify still a third
whistler component produced by the same lightning source. This whistler
propagates on a long, so-called one-hop or 1_ path between conjugate
hemispheres. Although nonducted, its path is topologically different from
that of the WT whistler because the wave normals are small, as a result

of horizontal gradients in the ionosphere [Scarabucci et al., 1969].

Within a measurement uncertainty of less than 20 msec, the dispersion of

- 11 -
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the 1_ whistlers* does not change throughout the record, whereas the
travel time of the WT events increases significantly during the same
interval of time ( ~ 30 sec). This is evidenced by the fact that the WT
and - the 1_ whistler cross at a point that moves to lower frequencies

1

with increasing latitude. Hence it appears that the WT "'walks through"
the 1_ whistler, giving rise to the name "walking-trace" (WT) whistler.
The mode of propagation of the waves producing the WT whistlers
will be referred to as the "'Pro-Resonance’ (PR) mode. An explanation as
to the choice of the name PR mode will be given in Chapter 4, Section E.
When ray tracings were developed to analyze whistlers of the type
shown in Figures 3 and 4, the analysis indicated that fixed~-frequency
signals propagating in the PR mode should exhibit both focusing and Doppler
shift effects. Such effects were found in the data, and now may be under-
stood as a natural part of the WT phenomenon.
Examples of focusing and Doppler shifts appear in receptions by
0GO 4 of fixed-frequency signals from the U.S. Navy Omega navigation
stations. These signals may exhibit anomalously large intensities and
also Doppler shifts that reach hundreds of Hertz. A typical example is
illustrated in the frequency-time spectrogram of Figure 5, recorded by
OGO 4 near. Johanneshurg, South Africa. A pulse at 11—1/3 kHz transmitted
by the Omega station at Aldra, Norway (66025'N, 13009'E) is represented
in the upper margin of the record by a line with duration 1.1 sec starting
at t = 0. This pulse is received twice by the satellite. The first
signal begins at 11—1/3 kHz in the center of the record, near t = 0.6 sec.
(This signal and the 1_ whistlers of Figure 3a are believed to follow

analogous paths, differing topologically from those of the PR mode.) A

* ' .
In this context the term "1_ whistler' refers only to the falling-tone
whistler usually associated with the WT whistler.
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Figure 5. 0GO-4 frequency-time spectrogram illustrating an ~ 100 Hz

Doppler shift in nonducted fixed-frequency signals from an
Omega transmitter in the conjugate region (Aldra, Norway). A
transmitted pulse at 11#1/3 kHz is represented above the record
by a dash beginning at t = 0. This pulse is received twice by
the satellite. The first signal, presenting no Doppler effect,
appears at 11—1/3 kHz, t ~ 0.6 sec. The second is shown by a
strong dash at t ~ 1.8 sec, with a negative Doppler shift of
about 100 Hz. The strong continuous signal near 11.9 kHz is

a transmission from an unidentified VLF station. The nearly
vertical lines are whistlers. Dots at the bottom of the record
are time marks generated at the telemetry station. An Omega
signal at 10.2 kHz appears near the left margin.
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second, stronger pulse appears just below and to the right, starting at
t = 1.8 sec. This signal exhibits a negative Doppler shift of about
100 Hz, and is interpreted as propagating to the satellite in the same
kind of nonducted mode as the WT whistlers of Figures 3 and 4. (An
Omega signal at 10.2 kHz appears near the left margin of the record.
Signals in the PR mode at this frequency are not seen here, but were
observed at higher latitudes-~-see Figure 14.) A later section presents
some relatively complex examples of the data, including simultaneous

occurrence in the PR mode of whistlers and fixed-frequency signals.

C. RAY-TRACING INTERPRETATION OF THE WT WHISTLER

Whistlers with the characteristics described above were reproduced
by tracing nonducted ray paths from one hemisphere to the conjugate region.
Ray tracings in a cold plasma, with the effects of ions included, were
made with a FORTRAN IV program described in Chapter 4, Section D. The
program is based on the differential equations developed in Chapter 4,
Section B. The model magnetosphere was represented by a dipole magnetic
field and isothermal diffusive-equilibrium distribution [Angerami and
Thomas, 1964] of electrons and ions along the field lines at 3000 °K. An
ion population of 90% O+ and 10% H+ was assumed at 1000 km. The model
of the variation of electron density at 1) 1000 km as a function of latitude
and at 2) the equator as a function of L value is shown in Figure 6 by
the heavy lines. The thin lines, shown for comparison, correspond to a
constant density model at 1000 km. (The ray tracing analysis described
below predicts that certain features of the PR mode are highly sensitive

to the indicated type of change in model.)

Figure 7a illustrates nonducted ray paths for waves at 10 kHz starting
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ELECTRON DENSITY (el -cm?)

DIPOLE LATITUDE AT 1000 km

. 48° 50° 500 549 56°
|0 r | u I !
AT 1000 km
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i b
l | |
25 30 35
L

Figure 6.

Models of the electron density variation at 1000 km as a
function of dipole latitude (top) and at the equator as a

function of I values (bottom).
the basic model used in this paper,
density model used for comparison.

The heavy lines represent

the thin lines a constant
The portion between points

a

and b

indicates the range of equatorial L values crossed

by the rays that produced the WT whistlers shown in Figure 12.
A dot shows the equatorial electron density measured using a
nose whistler observed on OGO 4 a few minutes after the events
shown in Figure 3a were recorded.
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in the northern hemisphere at two different invariant. latitudes (44.30
and 49.90) with vertical wave normals at an altitude of 500 km. A dipole
field line at L = 4 is shown for reference. Cumulative travel time
along the paths (in sec) is indicated at the series of dots. The direction
of the wave normal is indicated by arrows at several points, and at the
arrows the value of the refractive index | is marked. Thus the path
beginning with vertical wave normal at A' has an initial pu of 15.
To clarify Figure 7a, Figure 7b shows the single ray path A' - A and
also the dipole field line of maximum L value along the path (dashed
curve). Figure 7c presents five refractive index diagrams (not to scale)
to illustrate wave normal and ray direction at the points (1) through
(5) of Figure 7b. At point (1), the wave normal is vertical, and the
ray, whose direction is normal to the refractive index surface, points
outward toward higher 1L values. The wave normal is initially pulled
away from the vertical toward 30 by the effect of the horizontal gradient
in the magnetic field. The vertical gradient of electron density then
becomes a controlling factor, causing further tilting of the wave normal
toward Eo' At some point (2) { reaches a minimum, beyond which it
increases under the influence of the curvature of the magnetic field,
Meanwhile, the ray continues to point outward, but at progressively smaller
angles until it is oriented parallel to the magnetic field (3). This is
the point of Lmax’ since from here on the ray direction is inward with
respect to Eo'

Between (3) and (4) 1§ continues to increase under the influence of
the curvature and the radial gradient of the magnetic field. The value
of | now increases rapidly, as shown by the increase from p = 30 to

@ = 40 on path A' - A in Figure 7a. At point (4), { 1is close to the
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Ray paths calculated for wave packets at 10 kHz starting with
vertical wave normals at 500 km and invariant latitudes of

44.3° (point A') and 49.9°. A dipole field line at L = 4 is
shown for reference. Arrows indicate the wave normal directions,
and the accompanying values of the phase refractive index p

are indicated. Travel times calculated from the starting points
at 500 km are indicated at several points along the rays.

The thin line shows the locus of L .
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Figure 7b. Sketch of the inner ray path from Figure 7a, showing the
dipole field line through maximum L along the path.
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Figure 7c. Five refractive index diagrams (not to scale) indicating
the wave normal and ray direction at four representative
points along the ray path of Figure 7b.

- 921 -



resonance angle wres’ and the ray path is strongly dependent on the
configuration of the magnetic field. At point (5), the resonance angle
and the associated angle (| have increased until the ray is approximately
parallel to ﬁo' Hence the ray follows closely a geomagnetic field line
for the last several thousand km.

A different.interpretation.for the ray path is given in Chapter 4,
Section E, where the equation that governs the variation of { along
the path is used.

Another view of the ray tracing results is shown in Figure 8a where
travel time through the magnetosphere to a satellite at 600 km is plotted
as a function of the invariant latitude of the arrival point, with the
wave frequency used- as a parameter. (The thin line represents the constant-
density-at~-1000-km model of Figure 6.) The coordinates of the point B,

for instance, are the time of propagation from A' to A (cf. Figure 7a)

and the invariant latitude of point A. The dashed lines in Figure 8a

indicate the outermost L-shell reached by each ray (for point B, LmaX

2.81). Fjgure 8b shows a corresponding plot of input latitude versus

observing latitude. (Wave normals are assumed vertical at the input.)

I

Point B, corresponding to path A' - A of Figure 7a, represents eIN

o o .
. = . . i i i d 8b
44.31°, eOBSERVED 50 78 The input latitudes in Figures 8a an

o .
were limited to 56°. (The behavior of rays starting above ~ 51 is

very sensitive to details of the horizontal gradients in the ionosphere
and is under investigation.)

Figures 8a and 8b may be used to predict a number of features of the
PR mode. At a fixed satellite latitude, fqr example, travel time increases
with frequency in the general manner illustrated by the data of Figure 3.
For an observer at 510, the calculated travel time at 8 kHz is ~ 0.8 sec
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and increases to ~ 2.0 sec for f = 12 kHz. For a fixed frequency, say
f = 10 kHz, travel time increases with increasing starting and observing
latitude (see also Figure 7a), ranging from near 0.8 sec at 50° observing
latitude to ~ 2.0 sec at 52°. Note that over this 2° change in end-
point latitude, the initial latitude changes by ~»6°, from ~ 42° to
~ 48°,

Several features of the data will now be discussed in terms of the
predictions of Figures 7 and 8.

1. Lower Cutoff Frequency Effects in the PR Mode

The downcoming rays in Figure 7 exhibit wave normals that are
nearly, but not quite, transverse to the geomagnetic field. This condition
continues on downward as long as the refractive index surface is open,
that is, as long as the wave frequency is above the local lower hybrid
resonance (LHR) frequency. Along the ray path if the LHR frequency
reaches and then exceeds the wave frequency, the refractive index surface
becomes closed and shrinks in size. This condition, combined with the
large refractive indices generally encountered in the PR mode below a few
thousand kilometers, leads to reflection as in the case of MR whistlers
[Smith and Angerami, 1968]. Thus a satellite will not receive waves in
the PR 'mode at frequencies below the maximum value of the LHR frequency
above the spacecraft. If this maximum value does not change rapidly over
a few degrees in latitude, WT whistlers observed on a single satellite
pass should exhibit a relatively constant lower cutoff frequency. This
is in fact the case, as Figure 3a illustrates.

Variation of the LHR frequency with height at an invariant latitude
of 51O is shown in Figure 9 for the model magnetosphere used. The LHR
frequency has two maxima, a lower one produced by the density peak at the
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Figure 9. Behavior of the lower hybrid resonance (LHR) frequency
with height at 51° invariant dipole latitude, for the
model magnetosphere used.
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F layer and an upper one by the transition from heavy ions (0+) to light
ions (H+). In this work the term ''maximum LHR frequency' will refer to
the upper maximum. The curve in Figure 9 implies that WT whistlers
observed by a satellite below 2000 km altitude will have a lower cutoff
at 7.5 kHz (compare with data of Figure 3a and Figure 4 showing a lower
cutoff at about 7.4 kHz).

Figure 9 implies that a satellite situated above the level of the
maximum LHR frequency could receive both downcoming and reflected upgoing
waves within a frequency range between the local and the maximum LHR below
the satellite. A limited number of WT whistlers exhibiting this double
component feature have been observed. An example, received by OGO 4 at
an altitude of 792 km in the vicinity of Byrd Station, Antarctica, is
shown in Figure 10. The WT whistler, indicated by the arrow, resembles
a fish hook and is seen in a frequency range of 6 to 8.3 kHz. The portion
between 6 and 7 kHz is observed again about 70 msec later, suggesting a
reflection of these waves below the satellite in the manner proposed
above. An example of a ray with this characteristic is shown in Figure
23.

WT whistlers of this kind yield information both on the value of the
LHR at .the satellite (minimum frequency reflected, 6 kHz in Figure 10)
and on a lower bound fér the maximum LHR below it (maximum frequency
reflected, 7 kHz in Figure 10). The effect is similar to that producing
the Nu whistler observed on the higher—altitude.satellite OGO 1 [Smith
and Angerami, 1968]. Reflection at the LHR frequency has also been
studied by Smith et al., [1966] and Storey and Cerisier [1968] to explain
bands of noise observed on the electric antenna of Alouette 1 near the
1HR frequency [Barrington and Belrose, 1963; Brice and Smith, 19651.
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0GO 4 (BY) 23 NOV 67 0438:30 UT
52.2° INV LAT LONG=-—-140° h=790 km

(kHz)

Figure 10. A frequency-time spectrogram of a walking-trace (WT)

whistler (arrow) exhibiting two closely spaced components
between the lower cutoff at 6 kHz and 7 kHz. The descending

tone following the WT whistler was produced by the same
lightning discharge.
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2. Upper Cutoff Frequency Effects in the PR Mode

Figures 8a and 8b predict an upper cutoff frequency in WT whistlers,
in the sense that rays at a given frequency will be confined within some
upper limiting latitude. This effect can be appreciated from a comparison
of the two ray paths for f = 10 kHz of Figure 7a. As input latitude
increases, the value of Lmax increases. However, the latitude of the
point Lmax also increases (along the thin line). This permits a consider-
able increase in length of the path segment over which the ray is tilted
inward from Bo (segment corresponding to (4) - (5) of Figure 7b). Thus
the increasing 'asymmetry' about the equator tends to compensate for the

increase in lhax’ and ray paths tend to cluster at a single value of

Ltina1”
Variations in the model of electron density cause the locus of
lhax in Figure 7a to be shifted or distorted. There are then appreciable

changes in the predicted high frequency behavior in the PR mode. For
example, in Figure 8b the solid curves based on the model exhibiting a
horizontal density gradient (Figure 6) reach a maximum latitude of 52.7°
for a wave at f = 10 kHz starting at 50.80. Rays starting at higher
initial latitudes cross over the other paths and arrive at latitudes less
than 52.70, with lower travel times (see Figure 8a). However the thin
line in the same figuré (corresponding to constant density at 1000 km)
extends above 52.7°.

Both density models lead to predictions of a decrease in upper
limiting frequency With increasing observing latitude. Clear upper cut-
off effects of this kind are shown in Figure 12, middle of the upper
panel. Additional comments on upper cutoff effects are given below in
the section on comparison of calculated and observed spectra.
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3. Latitudinal Limits of Observation of the PR Mode

PR mode propagation was identified in whistlers and/or Omega
transmission on about 100 of 300 OGO-2 and 0GO-4 passes representing the
period August 1967 - February 1968. PR-mode effects were observed only
in data from the range of invariant latitudes of 47° to 56°. One
obvious mechanism for the high-latitude limit is a bandwidth effect,
wherein the frequency range of the WT whistler decreases with increasing
observing latitude until the upper and lower cutoff frequencies coincide.
This tendency is illustrated in the upper panel of Figure 12, where the
upper cutoff falls relatively smoothly from 13 kHz near 51° to about
5 kHz near 56°. The lower cutoff effects are not well defined here,
being illustrated more clearly in Figure 3.

The high—latitude limiting-bandwidth effect is shown qualita-
tively in Figure 8a, where the observable bandwidth as a function of
latitude is that region of plotted frequencies above the f = 8 kHz line

(assuming that £ ~ 8 kHz). For example, at 51.37o the band~

LHR (max)
width is 4 kHz.

At low latitudes, observation of the WI trace is not in general
limited by accessibility but rather by the reduction in the range of
obserQable travel times. For example, Figure 8a shows that at low
observing latitudes, say near 490, the difference in travel time with
increasing frequency is small; hence the characteristic rising form of

Figure 3 is not observed.

4, Local Time of Occurrence of the PR Mode of Propagation

It was noted above (cf. Figure 8a) that the high~frequency, large-
dispersion range of the WI whistler is highly sensitive to the electron
density distribution in the upper ionosphere and magnetosphere. As
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gradients of the type shown by the solid curve of Figure 6 are extended

to lower L values, the effect in Figure 8 is to cause still larger
departures from the behavior of the thin lines and to cause the double
valued condition to arise at much lower travel times and input latitudes.
The result is a prediction that the PR mode should not occur under day-

time conditions that involve large-scale horizontal gradients in the
ionosphere of the type shown by satellite experimenters such as Brace et al.,
[1967].

This prediction was verified by an analysis of VLF data from more
than 300 real time passes of OGO 2 and OGO 4 for the period August 1967
to February 1968. The telemetry stations used were Byrd Station; Antarc-
tica; Santiago and Quito, South America; Rosman, North Carolina; Johannes-
burg and Madagascar, South Africa. PR modes were observed only in data
from Byrd, Johannesburg, Rosman and Madagascar, and as noted above, only
in the range of invariant latitudes a7° to 560.

Figure 11 illustrates the tendency for PR mode activity to be
confined to nighttime hours. All data from all passages of OGO 4 over
Johannesburg during the month of September 1967 are represented. Filled
symbols indicate that the satellite was in the invariant latitude range
of PR propagation, and squares indicate the presence of PR mode effects.
The periods when the VLF receiver was connected with an electric antenna
are indicated by the arrows labelled E. The solid vertical line indicates
periods when the VLF experiment was turned off. Crosses indicate those .
passes on which the unbalanced electric antenna of OGO 4 did not opérate
properly due to strong interference in sunlight (J. Katsufrakis, personal
communication). The approximate local times at the satellite are given

by the dashed 1lines.

- 31 -



*smoJde pue §H Agq Pe3edTpur
aJe 9pOou BUUS1UEB-DT.JI100T® ue UT uorzeiado Jo spotasd oYyl *sourl TeOT}Joa Aq po3eOTPUT aJe
JJ0 peuJany sem jusawiJedxe JIA 9Ujl UYOTUYsm JutJanp sporaed °*(SITe3op JOJ 31X9] 89s) 2an3tJ ayy Jo
JouJa0d puey-qy8ta goddn ayz 3 umoys oJe Blep oyj jusseadod o3 pesnh sioquis *sessed ayy JoO
out) TeoOT ojqruitxoadde oyl S931BOTIPUT OUIT POYSEP OYL °YJuow oyl JO AP ShnsSJIoa OWT] TBSJISATUN
JO S931BUIPJIOOD UT pajussaoIdag aJe 2941 ‘Jaquoizdes Jo yjuow aYyj3 Jutanp (dOrL) Sangsouusyof JI9A0 ;
sessed ‘yjJed 9yl JO oprsaydtu oy3z uo LJ3TATIO® Spou~YJ JFO UOTIBJIJUSOUOD B Jurmoys BIBP $-0D0 °TI1 oJInStd

Ava
o g2 02 Gl ol S _
- _ I _ T —ie
] ®
o ] o® e ) O.O . ® . ® s ® ° . b
.:ll.llll:?lll!:Mllol:l Y a®"” o ® o ® °®
lllllllllll.l l..ll' ® ®
2 L
) C
—9 2
3 <
ITi
>
® X X ® r
B e R B I I B e
Sm——g-f-0__ O ® L m
x - - 7IYNIIS ON R B p i
® 0IAYISEO LM | Gl
o - - - - -JONVY
AHL NI LVS i 3 —8
o- - -JONVY JHL 3 i
NI LON 1vS | | | 3 LT .

1961 43S 80r

- 32 -



The figure indicates that the PR mode was observed only during
local nighttime hours and that it was observed both by electric and
magnetic antennas. The latter result is expected from theiinterpretation
of the PR mode as an essentially electromagnetic phenomenon.

5. The Occurrence of the PR Mode as a Function of Magnetic Activity

There is as yet no evident dependence of the occurrence of WT
whistlers on magnetic activity, at least within a range from very quiet
conditions to conditions of moderate disturbance. For example, referring
to Figure 11 and the observations during the month of September 1967 near
Johannesburg, of the 15 passes involving PR mode observations, 10 were
such that J Kp for the preceding day was < 20, 5 involved T Kp > 20.

6. Simultaneous Occurrence of the PR Mode and of Falling Tone

Whistlers

The simultaneous occurrence of the rapidly varying walking-trace
and the slowly varying falling-tone (1_) whistlers of Figure 3 is apparently
due to a condition in which there are horizontal gradients in the ionosphere.
It was first thought that the constant-dispersion whistlers might be
scattering from a duct. However recent research by R. Scarabucci (personal
communication) suggests that they are nonducted but propagate at relatively
small Wave-normal angles, as a result of horizontal density gradients in
portions of the magnetosphere. The presence of these gradients also

limits the occurrence of WT whistlers in latitude, as shown in Figure 8.

D. COMPARISON BETWEEN CALCULATED AND OBSERVED WT WHISTLERS
The time-frequency spectra of the WT whistlers marked by heavy arrows
in Figure 3a are shown by continuous lines in Figure 12 using the position

of the lightning source (identified in Figure 3a) as a common time origin.
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Figure 12.
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50.4° 5l.4° 51.9°
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Comparison of calculated and observed WI-
whistler spectra. The continuous lines are
transcriptions of frequency-time spectra of
WT whistlers observed at the invariant
latitudes indicated. The examples were
taken from the events marked by heavy arrows
in Figure 3a, the lightning source positions
serving as a common time origin. Spectra of
WT whistlers calculated for invariant lati-
tudes corresponding to those of the
observations are shown by dots.
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The time-frequency spectra of WT whistlers calculated for the invariant
latitudes and altitudes where the observations were made are shown by
dots in the same figure. The calculations were made by tracing rays in
the model magnetosphere already described, and from which Figure 8 was
produced. There is evidently very close agreement in travél time between
the observed and calculated spectra.

There is also excellent agreement between calculated and observed
spectra on lower cutoff frequency. This was achieved by choosing a model
density with a maximum LHR frequency above the satellite (Figure 9) equal
to the lower cutoff frequency of the observed whistlers.

The upper cutoff frequencies for the calculated WT whistlers are
somewhat higher than the ones shown by the data in Figure 12. At 51.40
invariant latitude for instance, Figure 8 predicts an upper cutoff of
about 12 kHz, whereas the observed WT whistler extends only to 10.5 kHz
(Figure 13). Several mechanisms have been considered to account for such
a discrepancy.

One possibility is that rays traveling beyond L = 3.0 are Landau
absorbed, since in this region the wave normals in the PR mode make
large angles with the geomagnetic field (cf. Figure 7). (This type of
interaction has been proposed in order to explain the absence of MR
whistlers at high L—shélls [Thorne, 19681.) Before assessing the extent
of this effect, it is necessary to examine the effect of horizontal
gradients in the thermal plasma at low altitudes.

Another possibility is that an appropriate modification in the
maghetospheric density model could lower the latitude of thg upper cutoff
shown in Figure 8b (nose of the solid curves). This hypothesis, which

at present cannot be ruled out, involves further complications in the
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density model and is under study.

A third possible explanation of the discrepancy is that the plasma-
pause was located near L = 3.0 at the time of the observafions. This
would ‘essentially invalidate the predictions of Figure 8 for the behavior
of rays near tﬁe line Ihax = 3.0. This possibility may be discarded,
since at the time of the observations, the plasmasphere extended at least

to L

1l

3.7. This is shown by a plasmasphere level of equatorial density
at L = 3.7 (dot in Figure 6) determined from nose whistlers received at
OGO 4 within two minutes of the observations of the WT whistlers of

Figure 3a.
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I1I. FOCUSING AND DOPPLER SHIFTS IN THE PR MODE;

OBSERVATIONS OF OMEGA FIXED-FREQUENCY TRANSMISSIONS

A, INTRODUCTION

The U.S. Navy has VLF transmitters in the range of frequencies from
10.2 to 13.6 kHz in different parts of the world. In Table 1 (for the
period 16 August 1967 to 15 March 1968) is shown the approximate power
transmitted, the frequencies of operation and the pattern at which the
pulses are sent for each station. For instance, the station at Aldra
(1) sends pulses at 10.2 kHz every ten seconds with 0.9 second duration.
The location of these stations and of the telemetry stations for OGO 2
and OGO 4 is shown in Figure 13. Also the subsatellite path for an
0GO-4 passage is indicated. Since the frequencies transmitted are in
the range of the WT whistlers, it is expected that they must also propa-
gate in this mode and be received at the conjugate hemisphere of the
transmission with the same characteristics of the WT whistlers. Since
the waves that produced the WTI whistlers show large values for the phase
refractive index, it is expected that these waves present Doppler shifts
that may reach hundreds of Hertz and therefore may easily be observed in
a frequency time spectrogram. Another phenomenon that may be observed
on these fixed-frequency signals is the focusing effect due to the con-
vergence of the energy at the opposite hemisphere of the transmission
(see Figure 7a).
B. FOCUSING AND REIATED EFFECTS IN A CASE STUDY INVOLVING WHISTLERS

AND FIXED~FREQUENCY SIGNALS

Focusing effects are a natural consequence of the convergence of

ray paths discussed above in connection with Figure 7a. Figure 8b, for
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example, pregicts that rays with a 6° spread in starting latitude
arrive within a 2o range. Such effects, while observable in whistlers
(compare the relative intensities of the WT and 1_ whistlers of Figure
4) are particularly clear in the observations of fixed-frequency VLF
transmissions. The fixed frequencies from 10.2 to 13.6 kHz transmitted

by the Omega stations are in the range of frequencies observed in WT
whistlers, and when received by a satellite in the hemisphere conjugate

to the transmitter generally exhibit characteristics similar to those of
the prevailing WT whistler activity. Several such effects, including
focusing, are illustrated in Figure 14, which shows 0GO-4 spectra received
near 500 latitude in the southern hemisphere. Horizontal lines at the
right end of the panels identify the signal frequencies 10.2, 11—1/3,

12.4 and 12.5 kHz from the Omega transmitter in Forest Port, New York.

In the top panel, the Omega signals appear as dashes of various 1engths,‘
and their intensity, as evidenced by the darkness of the display, drops
sharply above and to the right of the sloping dark area that extends

from ~'510 to ~ 56°. In the expanded time-scale portions of this
record marked A and B and shown in the middle and bottom panels, the
ldark area may be identified as having been produced by WT whistlers, in
the form of somewhat irregular rising tones. Some contribution to the
darkness of the record is made by relatively pure, falling-tone whistlers
that accompany many of the WT events. The stronger signals from Omega

are interpreted as the result of propagation in the PR mode, the intensity
enhancement near 50O being associated with the focusing effect predicted
in Figure 7a or Figure 8b. The weaker signals from Omega received at
higher latitudes are believed to reach the satellite on paths>similar to
those of the 1 whistlers marked by asterisks in Figure 3a.
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The schedule of the transmitted pulses from Omega (Forest Port) is
shown immediately above the middle and bottom panels in Figure 14. From
a careful comparison of the transmitted and received pulses, it was found
that the travel times of Omega signals increase rapidly with latitude,
-in agreement with the predictions for the PR mode (cf. Figure 8a). This
increase in travel time with latitude may be seen in panel A in the
case of two pulses transmitted at 11—1/3 kHz (arrows). The travel time
from the trailing edge of the first transmitted pulse to the trailing
‘edge of the corresponding received signal (below and just to the right)
is ~ 1.1 sec. For the second pulse the time is increased to ~ 1.5 sec.
The pulses received in the PR mode are longer than those transmitted,
especially near the high-latitude cutoff. This is consistent with the
behavior of the WT whistlers in the same figure, wﬁich on close inspection
may be seen to exhibit pronounced increases in travel time with increasing

frequency near the upper limiting frequency.

cC. DOPPLER SHIFT EFFECTS IN THE PR MODE

The low phase velocities resulting from nearly transverse propagation
at the end of the nonducted path (see Figure.7a) can cause a substantial
Doppler shift when such waves are observed by a polar, low altitude
satellite such as OGO 4. Also, the Doppler shift can be positive or
negative depeunding on whether the satelliteéis‘moving equatorward or
poleward. The phase refractive indices calculated for three different
frequencies are plotted as a function of invariant latitude in Figure 15,
where point C corresponds to point B of Figure 8 (the thin line
corresponds to the model of electron density constant at 1000 .km (cf.

Figure 6). The relative Doppler shifts can be approximately obtained
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from the scale on the right, which was calculated taking the average
velocity of OGO 4 to be 7.5 km-sec_l, horizontal, and in the magnetic
meridian plane. The angle between the wave normal and the satellite
velocity was taken as the complement of the average dip angle for the
range of latitudes shown since, as already stated, the wave normal lies
close to the normal to the magnetic field in this region. The plot
predicts that the magnitude of the Doppler shift should increase both
with frequency and latitude.

Clear evidence of Doppler and focusing effects in Omega signals has
been found in records from twelve OGO-2 and 0GO-4 passes. The Doppler
shifts were negative in all but two cases, due to the poleward direction
of satellite motion,on most of the passes suitable for observing PR mode
effects. (The number of such passes is limited by local time restrictions
on the distribution of electron density (described above), and by the
requirement of approximate conjugacy to an Omega transmitter.)

Figure 16 shows examples from OGO 4 of Doppler shifts in PR mode
signals from the Omega transmitter in Aldra, Norway. The transmission
schedule of pulses at 10.2 and 11—1/3 kHz is indicated in the upper
margin. A negative shift (consistent in sign with the poleward direction
of satellite motion) is particularly well illustrated by the first pair
of signals near 11—1/3 kHz (see Figure 5 for an expanded version of this
part). The first weaker signal, corresponding to the 1_ whistler of
Figure 3a, exhibits no frequency shift. The second, PR mode pulse,
exhibits a clear negative offset of about 100 Hz, and is visibly more
intense than the other signal. A similar Doppler shift effect ( ~ 100 Hz)
is presented at higher latitudes by the pair of signals préduced by the

third transmitted pulse at 10.2 kHz. The two preceding signals at this
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frequency, received at lower latitudes, exhibit no detectable Doppler
shift (1ess than 10 Hz), indicating that at this point the projection of
the refractive index along the velocity of the satellite was less than
~ 50. Note that as the signal frequency is lowered, the latitude at
which a given Doppler shift is observed increases, in agreement with the
calculations plotted in Figure 15. This example (Figure 16) illustrates
the confinement of PR mode-signals to a narrow range of latitudes, and
their relatively high amplitudes.

A quantitative comparison between the Doppler shift calculated by
ray tracing and the observations is not given here, for reasons explained

in a later section on models of the earth's magnetic field.

D. DISCUSSION

1. Earth's Magnetic Field Model

Up to now rays have been traced in a two dimensional magneto-
sphere where the earth's magnetic field is represented by a centered
dipole. By tracing field lines in a magnetic field mode given by Cain
et al., [1968] it has been found that this field is well represented by
a centered dipole in the range of L values considered here and near the
longitudes of Rosman ( ~»97°W), but not near the longitudes of Johannes-
burg ( ~a410E), where the magnetic field lines are asymmetric. Under
these conditions, it is not clear how to compare the results of ray
tracings performed in a dipole field with observations near Johannesburg.
A three-dimensional ray tracing in a magnetic field represented by a
harmonic expansion [Cain et al., 19681 was therefore developed [Walter,
1969] and used for a closer comparison with the data, using geographic

coordinates.
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Doppler shift results from the calculations using the two-
dimensional (dipole field) and the three-dimensional ray tracings [Cain
et al., 1968} were compared for longitudes near Johannesburg ( ~,410E).
It was found that the latitude at which a given Doppler shift (of
~ 100 Hz at 10 kHz) should be observed is about 1° lower for the dipole
representation. Considering that the characteristics of signals propa-
gating in the PR mode change very rapidly with latitude (note in Figure 3
the change in the spectra of WT whistlers observed in a range of 1.5°
in latitude), one sees that a discrepancy of 10 is too large. As
predicted, the magnetic field model has a first order effect on the PR
mode of propagatién and it is of l1little value to fit the data by changing
density models only.

2. The Electron Density Model

The electron density model used in the calculations of Figure 12
was developed on the basis of several independent sources of information.
These included: 1) a value of equatorial electron density (shown as a
dot at L = 3.7 in Figure 6) deduced from a whistler received at the
satellite within two minutes of the obse;yations illustrated in Figure 3a;
and 2) an estimate of a maximum LHR frequency above the satellite of
7.4 kHz from the lower cutoff frequency of the WI whistler of Figure 3a.
Successive approximations within the constraints of this evidence led to
the diffusive equilibrium model described earlier and summarized (in
terms of electron density) in Figure 6.

Another bit of evidence obtained since the calculations were
made suggests that the model is represenﬁative of actual conditions
prevailing in the magnetosphere at the time. This evidence, kindly

provided by L. Colin of the NASA/Ames Research Ceénter, Moffett Field,

- 47 -



California, involves Alouette~2 topside sounder data obtained within
40 minutes and 30° longitude of the 0GO~4 pass in question. The
analysis showed an electron density of ~ 7,500 el cm_3 at 1000 km and

latitude 450, in close agreement with the model used.
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IV. RAY-TRACING EQUATIONS

A. INTRODUCT ION

Haselgrove [1954] derived the three dimensional ray equations based
on Fermat's principle. Those same equations were also derived by Budden
[1961] using the eikonal concept. The ray equations are derived here
for the case of a two-dimensional geometry. When the parameters of the
medium are known, that is the density and the static magnetic field
vector are known at each point, only a closed set of three differential
equations is necessary to determine the position of the wave packet,
that is, to find the ray path. These differential equations are the time
variation of the coordinates, plus the time variation of an angle that

gives the wave normal direction.

B, TWO-DIMENS IONAL RAY EQUATIONS

To find these equations two hypotheses are made with respect to the
phase refractive index in the range of frequencies of interest. The
first requirement is that the medium must not present an anomalous phase
refractive index. This is necessary in order for the concept of group
velocity to be applicable. The second assumption is that the medium is
slowly.varying, or that the WKB solution is valid (see for instance
Budden [1961]).

Based on the concept of group velocity, the time variation of the
coordinates of a wave packet in a cartesian system is derived as follows.
Supposing a wave packet moving from A to B (Figure 17), the following

differential equations can be written:

dx
_— = ings (l)
ds slnp
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Figure 17.

Wave packet moving from A to B. An
elemental length on the ray path is ds,

and B 1is the angle of the energy
direction with the y axis.
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and

dy
ds = cosf

where x and y are the coordinates of the wave packet, s is the
length measured along the ray path and B 1is the angle between the y-
axis ané the ray path, Denoting by tg the time for the wave packet to
move from A to B and Vgr as the ray group velocity, the above
equations may be written in the following form:

dx

i Vgr sinf 2)
g
and
dy
el Vgr cosfB (3)
g
since
ds
ety = V
dt r°
g g
The group ray velocity is given by:
V. =V /cosa, )
gr g

where Vg is the group velocity (in the wave normal direction)
defined as:

c
= —— 5
\ 0 (5)

where ¢ is the velocity in a vacuum and Ug the group refractive index

defined as:

3(uf) su
Uy = 55 = + £ <% (6)

The angle 0 measured in a clock-wise sense from the wave normal to the

ray energy direction, expressed as:

-1 _ 3(logil)
3u

o = tan

’ (7)
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with | as the angle measured clockwise from the static magnetic field

to the wave normal vector.

The angle B may be expressed as (see Figure 18):

B=¢ +a (8)

where ¢ 1is the angle between the y-axis and the wave normal. The
angle { may be expressed as a function of ¢ and vy (the angle
between the y-axis and the magnetic field, see Figure 18).

To have a closed set of differential equations the time variation
of ¢ will be found.

Taking the wave front that represents the principal wave at two
different phase times,the way in which ¢ evolves with time is given

by :

-y

o BVph I
t oL, T2

&

(9)

e

o

where Ou/Of|g is the variation of the phase refractive index on the
wave front, and therefore the direction of wave normal is maintained
constant (¢ = constant). The phase refractive index as a function of

the position (x,y) and of the angle ¢ with the y-axis, results in:

%% = %% cosgp - %? sing (10)
® ] 0]

and therefore Eq. (9) may be written as:

; 5
%% = 55 %ﬁ cosgp - 5% sing (1)

=
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Figure 18. Origin of the angles is shown. The angles
are positive in the clockwise direction.
The wave normal direction is k, and B
is the static magnetic field. °©
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Taking now as an independent variable the phase time, t, and knowing that

dt v)
at = (12)
g £

Egs, (2) and (3) may be written in the following way:

dx

c L
3 = aﬁ;;ga—— sinB (13a)

and

dy

dt = [ oosx  °°SB (13b)

Equations (11), (13a) and (13b) form a set of differential equations
suitable for solving in a digital computer,

The densities and the magnetic field are in general expressed in
terms of polar coordinates and, therefore, it is convenient to express
the equations above, Eq. (11) and Egqs. (13a-b) in this same system of
coordinates.

Equations governing the position of the ray path in polar coordinates

are easily obtained (see Figure 19):

dr
H = Vgr COSB (143)
g
v
g6 gr .,
— = 2 14b
dtg > sinpB (14b)

Taking the phase time as the independent variable and using the relation,

Eq. (12), the above equations may be written in the following way:

dr c
—— i o 15a
dt 1L cosQ cosf ( )
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Figure 19.

The polar coordinates of a point A on

the ray path are © and r, ds is the
elemental length on the ray path, and 8
is the angle between the radial and the

energy direction.
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and

do c :
3% - r o cosa sinf . (151

Using § as the angle between the wave normal and the radial vector,

the following relations may be written:

6:—6+¢ (16)
and
ad _ _do dg
at = ~dt T at a7

where d6/dt is given by Eq. (15b), and dg¢/dt is

g _ . ézgﬁ . (18)
or
%% = - EE %% sind -~ % %% 'éosé : (19)
2 $,9 ¢,
Therefore,
%% = - 35 %% sind ~ % %% cosd] - &; (sind+tangcossd) (20)

o

Now writing the phase refractive index as a function of r, 6, and §:

du du(r,0,8) du 36
= + (21)
P or 6.5 35 or
and
A du(r,6,5) u 98
) s =73 0.5 * 35 3 (22)
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Because

b
> =0
and
08
36 = 7t
Therefore:
dd c du . 1 du c .
-3 |5 sind - -y cosd o sind (23)

vl

In Appendix D it is shown that Eqs. (15a-b) and (23) are equivalent
to the ones derived by Haselgrove [1954].

A set of differential equations in polar coordinates for the ray-
tracing problem was obtained. To solve these equations it is necessary
to assume a phase refractive index, which is carried out in the next

section.

cC. EQUATIONS NECESSARY FOR A TWO-DIMENSIONAL RAY-TRACING PROGRAM

The two-dimensional ray-tracing equations in polar coordinates

are:
%% = 5 (cos® - tanq sind) (24) (379)*
de c L .
iz = ;J-(s1n6 + tana cosd) (25)(380)
as = ¢ TR _ 1 AL _ S
-~ 3 |\ sind =~ 36 cosd - sind (26)(381)

* . .
The second number corresponds to the left-most number on the listing
of the program (Appendix A).
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where

r and 6 - polar coordinates of the ray path,

g4 - phase refractive index,

t - phase time of the principal wave,

o - angle between the wave normal and the energy,

8 =~ angle between the radial vector and the wave normal.

The differential equation that governs the group delay time t

is
’ (27)(382)

where Mg is the group refractive index.

To solve the set of Egs. (24) to (27), it is necessary to have the
phase refractive index as well as its partial derivatives With respect
to r, © and Y, and the group refractive index.

Assuming the cold plasma approximation the phase refractive index

is given by the equation (see Stix [1962]1):

4
a*-m?ic=0, (28)
with solutions given by
2 BtF
= — 9
v T (29)
where
. 2 2
A=8siny + Pcosy , (30)(252)
B = RL sin”} + PS (1 + cos2§) , (31) (253)
C = PRL , (32)(254)
¥2 - B2 - 4aac , (33)

J = angle between the wave normal and the static magnetic field vector,
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1
S=5@®+1L), (34)(246)
1
D = 5 (R - L) , (35)(247)
R=1- )X 1 (36)(242)
-1 1+ Y, '’
1 1
L=1- 3% —— (37) (243)
-3 1 - Y, '’
1 1
P=1 ~ {
Z\i ' (38)(244)
1
foi ’
.th
£ _; = the plasma frequency of the i ions (40)(214)

in
Yi =5 (41)(209)
€.eB
1 .
in = 2 (gyrofrequency of the ith ion), (42)

i
ei = the signal of the charge of the ith ion,

€ = a positive number equal to the electron charge,

BO = the static magnetic field of the medium,

mi = the mass of the ith ion.

.The possible positive solutions for Eq. (28), in the case of a four
component plasma (electrons, protons [H'], helium [He ] and oxygen (01
ions), lie in the shadeq area shown in Figure 20a where uz is plotted
against wave frequency. In this figure only the solutions of P2 are
shown for freqhencies below the electron gyrofrequency. In Figure 20b

only the region for which Figure 20a is modified is shown for the case

in which the plasma frequency is below the electron gyrofrequency.
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In this figure

bl - the O+ gyrofrequency,
H +

0
fRZ - the multiple-~ion resonance frequency,
fICl - the multiple-ion cutoff frequency,
f001 - the cross over frequency,

+

i - the He gyrofrequency,
H._+

He
le ~ the multiple-ion resonance frequency,
fIC2 - the multiple-ion cutoff frequency,
fCOZ - the cross over frequency,

+

T - the H gyrofrequency,
H _+

H
fLHR - the lower hybrid resonance,
fHé' ~ the electron gyrofreguency,
fZ - the Z frequency,
fp - the plasma frequency.

The letters L, R, e and P stand for particular solutions of
Eg. (28). In the case where { is equal to 0° or 180° (wave normal
parallel to the static magnefic field), Egq. (28) has two solutions
(uz = R, L). The solutions represent circularly polarized waves (see

for example, Stix [1962]), -one being right handed polarized (R) and the

other one being left handed polarized (L). In the case where | 1is
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equal to 90° (wave normal perpendicular to the static magnetic field)
the two solutions of Eq. (28) represent waves which propagate with the
electric field vector parallel to the static magnetic field (uz = P) or

with the electric field vector perpendicular to the static magnetic

2
field (H = EE-E e) . These waves are commonly called plasma waves

S
(P) since they only propagate above the plasma frequency, and extra-
ordinary waves (e), since they are the ones arising from the anisotropy
of the medium,

Here, attention is focused only into the region of propagation
indicated by numbers 3 and 4 in Figure 20a-b. The shaded area indicated
by number 3 is referred to as the proton whistler mode, and region 4 is
called the electron whistler mode of propagation. An algorithm to find
the root corresponding to the mode of propagation specified is discussed
in conjunction with the description of the ray-tracing program.

From Eq. (28) the derivatives ou/0j (j=r,8) can be found.

du/0j is given by

A oY

%=ZW#+§§;#+W% (43)(372)

i i

Again, from Eq. (28), the following expressions may be written:

4 0A 2 9B oC
kX, ¢ X, i SEI

A i
= - (44)(351)

0K, 4.5A - 2uB

and

404 _ 20B  OC

3 B3y, T H 3v, T oY,
au - - i 1 =, (45) (358)
Yy 4.3A - 2uB



where

(L %%; + R g%;) sinzw + (% g%; + 8 %g:) (1+coszw)

9A 1 [orR oL .2 OP 2
SE; =3 52; + 5?; sin § + 3?; cos | ,
OB
K,
1
%%— = PR;%%- + RL g%— + RL %g— )
i i i i
OR 1
X, T 1+v.°
1
oL 1
X, ~1-~-%Y,'°
) i
oP
X, =~ b
1
OA Js .2 oP 2
E-Y——zs?—S:Lnl]!+gY'.—COS\;'J:_
i i i
0B L OR R OL
3?; - 5?; * 5?;

. OR

. OL

oP
W:RL&;+P (L&—;+Rg};—.—

)

- 64 =

)sinzq; + (P %i—-— + S érg-) (1+0052\b)
i i

(46) (348)

(47)(349)

- (48)(350)

(49)(345)

'(50)(346)

(51)(347)

(52)(355)

(53)(356)

(54) (357)

(55) (352)



= - X, ——— (56)(353)
&, b -y)?
1
and
%ZI-’— =0 . (57) (354)
i

To calculate aw/éj, it is supposed that the earth's magnetic field

is given by a centered dipole. Assuming also that the geomagnetic meridian

plane lies in the plane r - 9, OJJ/Jj is calculated through the expression

g% = g% %% (58)(333)

For a centered dipole the relation between Y (the complement of

the dip angle) and the co-latitude © is given by:

tany = % tanb (59)
Therefore
%} =0 (60) (332)
and
Oy 2
5% ) 3 cosze + 1 or
From

is obtained

| %1 =-1. (62)
1



The relation that gives Ou/Oy is derived from Eq. (28):

4 OA 2 0B dC

v - B +
.g_uw_ _ WS ETHM:TI (63)(331)
4 A ~ 2uB

where

g% = sin 2§ (S-P) , (64)(328)

OB . ‘ ,

Sﬁ = sin 2§ (RL-PS) , (65)(329)
and

%% -0 . (66)(330)

To evaluate BXi/Bj it is necessary to assume a model for the
ionization distribution. The diffusive equilibrium model given by
Angerami and Thomas [1964] is assumed here.

For thid model the electron demnsity, nne is given by

_Z/Hi 1/2
np(2) =1y %;aib © (67)

where =z 1is the geopotential height

b
z=r ( - ——) , (68)(418)

r

rb is the reference geocentric distance at which the electron density

n and the ion percentage ai are specified. The scale height of

eb’ b
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th
the i ion is Hi’ given by

H o= 2L (69)(414)

where gb is the gravity acceleration at r k is the Boltzmann

b)
constant and T is the temperature in Kelvins.

The electron and ion densities can be written as

1/2
nDe(Z) = nebQ , (70) (431)
and
/
z/H,
i ~1/2
= , 7 436
nDi(z) nebaib e Q (71)¢( )
where
-z/Hi
= . 4
Q }: oy, e (72) (426)
i
Using the previous equations the following expressions may be
written:
on
1 De 1 oQ
o = 73)(432
n T Tor — 20 3¢’ (73)¢( )
.De
and
1 O 1 3 1 N
R L 74) (437
n.. or (H. "2 ) (74) (437
Di i
where
~z/H.
R e (
- - 75)
Sr Zl: b H,



and

T
%; = {2 (76) (430)

r

In this model we suppose that the densities at the reference level, and

scale heights are not functions of latitude, therefore

1 anDe
T S5 =0 (77)(433)
De ‘
and
on
1 Di
ol ol 0 . (78)(438)

To calculate aYi/Bj (j=r,B), it is necessary to know the electron
gyrofrequency as a function pf r and 6. The electron gyrofrequency

for a centered dipole is given by:

ro o 1/2
£, =1 e (1 + 3 cos’B) R (79)(204)
He Heo {\r
where
fHe = the electron gyrofrequency at the dipole eguator (& = 900)
and at the earth's surface, and rE = earth radii. Therefore
oY
1 i 3 N A
i (80){207)
i
and
oY, .
%~ 61 - -3 sinb cose2 (81)(208)
i - (1 + 3 cos™B)
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The expressions giving sin, and cosy are

siny = sing Y__ - cosd Yoo (82)(227)
and
cosy = cosé YOr + 5190 Yoe . (83)(228)
where
Br 2 cosf
Yor =B = 5 1/2 ° (84) (205)
(1 + 3 cos™8)
and
B
- _9 sind
Yoe =F = (85)(206)

2 .1/2

(1 + 3 cos Q) /

The group refractive index (ug) is calculated using the relation
a};

LAgZu-G-fB':-E-, (85)

where Ou/Of is obtained from Eq. (28):

404 20B o

9% - +
%ff.z- 5_1;3 of " OF (87) (377)
4AL- - 2Bu
where
g% = g% si Zw + §§ coszw s (88)(374)
2
g? ={ L g? + R g% sinzw +{8 g% + P g? 1+c052¢ (89)(375)
g% = RL gg + PL %% + PR g% , (90) (376)
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s 1 [{OR = OL
i A (91)
SR 1 E (2 +Yi)
=z 2, X, —— (92) (367)
Sf " f T Y1y )?
oL 1 (z -vy)
=7 X, — (93)(368)
of “,; -y
and
e _ 2 Z X 94) (37
ST = F = %y (94)(371)

Now that all the equations needed to solve the differential
equations, Eqs. (24) to (27), have been developed, a program for a digital

computer to solve them will be described in the next section.

D. DESCRIPTION OF THE PROGRAM

The program described here is written in FORTRAN IV level H for an
IBM 360/67. The program is composed of a MAIN program and four sub-
routines. The listing of the program is given in Appendix A.

1. Description of the MAIN Program

In the MAIN program values of the parameters to start the
integration of the ray tracing differential equations are originated.
Some variables which are used throughout the program are also initialized
here and transfered to other subroutines through the common statement
(#2). A list of some constants that appear in the MAIN program is given
below:

RO =~ earth's radius in kilometers,
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MASS ~ proton to electron mass ratio,

RADGRA ~ factor to convert angles from radians to degrees,
GRARAD - factor to convert angles from degrees to radians,
N - number of differential equations.

The parameters that are read in are described below.

The first parameters to be read in are the wave frequency (FKC), in
kiloHertz, an integer that specifies the mode of propagation (MODE),
and a logical parameter (OPTION) that indicates the angle given for the
direction of the wave normal. The parameter MODE may assume two values
which are the integer 1 for the proton whistler mode (corresponding to
propaggtion in region 3 of Figure 20a), and the integer 2 for the electron
whistler mode (region 4 in Figure 20a). There are two possible ways to
specify the wave normal direction, one is to give its angle with the
radial vector (OPTION = TRUE), and the other is to specify the direction
with respect to the geomagnetic field (OPTION = FALSE). In Appendix B
a listing is given of input cards in the sequence they are read in.
(See this appendix for one example of a card with the parameters FKC,
MODE and OPTION (card #1).)

The second set of parameters to be read in are the initial
conditions of the starting point. These are: the height in kilometers
(HEIGHT); the latitude in degrees (LAT); the angle, in degrees, between
the vertical and the wave normal vector (DELTA);* and the angle, in
degrees, between the wave normal and the vertical (PSI) which is only
given when OPTION is FALSE. These are the parameters that constitute

the second card which is shown in Appendix B (card #2).

%
The origin of the angles and the sense in which they are measured is
shown in Figure 21.

- 71 -



1
Y .

4
N
4 o é%

o

6

X

Figure 21. Origin of angles in polar coordinates
is shown. The angles are positive in
the clockwise direction.
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The next set of parameters to be read in are the ones used in
the integration procedure (subroutine ADAMS). They are: the logical
parameter SKIP which indicates whether the error check in subroutine
ADAMS is to be skipped (SKIP = «TRUE-) or not; the upper bound in the
absolute error (ABSB); the upper bound in the relative error (RELB); an
integer (KOUNT) indicating the number of increments in the independent
variable, that must be done before new results are printed out; and the
initial increment of the independent variable (HM). An example of this
card is shown in Appendix B (card #3). These input parameters are part
of the heading of the output listing (see Appendix C).

In order for the initial increment to stay the same for every new
wave frequency, when the parameters of the medium are kept the same, the
parameter HM is divided by the square root of the wave frequency. It
will be this parameter that will be used as the initial increment in the
ADAMS subroutine and will be printed on the heading of the output listing
(see Appendix C).

2. Description of the Subroutine ADAMS

This subroutine is not discussed in detail here since it was
based on a procedure written in SUBALGOL for the IBM 7090 at the Stanford
Univefsity Campus Facility [1965]. This procedure solves a system of N
first order differential equations, using a fourth order ADAMS predictor-
corrector method where the starting values are generated by a fourth
order Runge-Kutta method. A discussion of this method is presented by
Hildebrand [1956].

3. Description of Subroutine FUNCT

The input parameters for this subroutine are: the independent
variable (T); the dependent variables which are 1) the geocentric
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distance (P(1,J)), 2) the colatitude (P(2,J)), 3) the angle between
the vertical and the wave normal (P(3,J)); and an integer variable (J)
which identifies the step in the ADAMS subroutine in which the subroutine
FUNCT was called. The output parameters (DZDT) are the first derivatives
of the dependent variables with respect to the independent variable.

The equivalent electron gyrofrequenéy on the earth's surface,
at the magnetic equator is read in this subroutine (see Appendix B~
card #4).

The solution of Eq. (28) is given by the statements from #257

to #286. Now the solutions of Eq. (28) may be written in two equivalent

forms:

2o B2 (95) (274)"
e = 2, (96) (285)
or

“i = -213—1}5 (97)(268)
and

ug - %%F ) (98) (283)

The first set is preferred when B is positive. The parameter F may

also be expressed in two different forms:

F2 - B® - 4AC , (99)(257)

or

4 2 2,
F2 = (RL—PS)2 sin y + 4(PD)” cos' { . (100)(260)

* '] 3
The second number corresponds to the left-most number on the listing of
the program (Appendix A).
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The first form is preferred when AC is negative. The sign
of AC gives the number of the positive roots of Eq. (28) and therefore
the possible number of modes of propagation. The value 1 or 2 depending
on the possible number of modes of propagation will be given to a variable
(#258 or #261). If it is desired this parameter may be printed out.

An algorithm was written to choose the correct solution for
Eq. (28), once the mode of propagation was specified (#263 to #305).
Only for the electron whistler mode (region 4 in Figure 20a-b) will
this algorithm be explained.

To choose the right solution of Eq. (28) for a given mode, an
algorithm was written based on the concept that two or three regions
depending on whether the Z frequency is greater or smaller than the
electron gyrofrequency, may be distinguished by the sign of C(=PRL) and
the number of possible positive solutions. For instance focusing the
attention on region 4 of Figure 20a the parameter C may be positive
(in the case that the wave frequency is above the proton gyrofrequency)
or negative, (in the case that the wave frequency is between the ion
cutoff and proton gyrofrequency). If the wave frequency is above the
proton gyrofrequency the sign of C must be positive (Figure 20a).

If in any step of integration, C assumes a negative value the interval
of integration given is such that (see Figure 20a), the wave frequency

is above the electron gyrofrequency (R has a negative value). In the
case where the wave frequency is below the proton gyrofrequency, C

must assume a negative value. Therefore in the case that C 1is positive,
a step in the integration is given such that the wave frquency is lying
below the ion cutoff frequency (Figure 20a). In both cases a message

is given (#303) and the program returns to the ADAMS subroutine where
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the interval of integration is divided by four. It is possible that an
increment in the independent variable is given in a way that A assumes
a positive value, althought the wave frequency is lying between fHH+
and fHe' (C is positive). In this case Eq. (28) has two negative
solutions. Therefore the angle y calculated in the integration process
is larger than the resonance angle. Automatically a message is given
calling attention to this fact (#299), and the program returns to the

ADAMS subroutine where the interval of integration is divided by four.

4. Description of the Subroutine DENS

This subroutine calculates the densities of the components of
the plasma based on the diffusive equilibrium model. The input parameters
are the geocentric distance (R) and the colatitude (COLAT) of the point
of which the densities are required. The output parameters are the
electron density (ND(1l)), the H density (ND(2)), the He+ density
(ND(3)), the O density (ND(4)), the ion composition (ALPHA(I)), and
the derivatives of the logarithm of the densities of the components of
the plasma with respect to the radial distance (DLNDR(I)) and with
respect to the colatitude (DLNDT(I)).

The first time this subroutine is called the following parameters
are r;ad in: the height (HBASE) at which the electron density and the
ion composition are specified; the electron density (NEO) and the per-
centage of the ions (ALPHAO(I)) at this height; the electron temperature
(THERM); the number of plasma components (NUM); and an integer (IM)
specifying whether helium is present in the model of ionization (see
Appendix B for example). These parameters are punched on the fifth card
(see Appendix B--card #5). These parameters constitute part of the

heading of the output listing (see Appendix C).
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5. Description of the Subroutine ESC

The output of the program is given through the subroutine ESC.
To transfer parameters from the subroutine FUNCT to the subroutine ESC
the common block statement /ESCF/ is used. These parameters must have
a subscript J in order to be printed correctly.

Four variables are read in this subroutine corresponding to the
sixth card (Appendix C-~card #6). These variables are NOUT and TGEND.
NOUT will specify the parameters wanted for output. When NOUT is equal
to 1 the parameters that will be printed out are the ones specified
by statement #467. The other possible output is the one specified by

NouT

2 and given by statement # 489. Example of a heading when

NOUT

2 is given in Appendix C. Below is given a list of the parameters

of the output followed by their meanings.

TG - group delay time in seconds,

ALT =~ altitude of the ray path in kilometers,

LAT ~ latitude of the ray path in degrees,

INV -~ the corresponding invariant latitude in degrees,
ELE - the L( = r/(rosinze)) value,

GF - electron gyrofrequency in kiloHertz,

GFP - proton gyrofrequency in kiloHertz,

FLHR - LHR frequency in kiloHertz,

FCO -~ the ion cutoff frequency in kiloHertz,

FOE ~ plasma frequency in kiloHertz,

FC2 =~ a two ion resonance frequency in kiloHertz,

MU -~ phase refractive index,

BETA -~ the angle, in degrees, between the ray energy direction

and the vertical,
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DELTA - the angle, in degrees, between the vertical and the
wave normal,
PSI - the angle, in degrees, between the static magnetic field
and the wave normal,
PSIR - the angle, in degrees, of the resonance anglé,
wHT - percentage of the hydrogen ion.

The parameters TGEND, will specify if the ray path must continue
or must stop. The program will stop if the group delay time is greater
than the one specified by TGEND{(3), or if the height and the colatitude
of the ray path are greater than the ones specified by TGEND(1) and
TGEND{(2) (see statement #458). The end of the ray path is indicated in
the output by a message (#495). The program then returns back to the

MAIN program to check if there is a new set of cards to be read in.

E. PHYSICAL INTERPRETATION OF THE RAY-PATH BEHAVIOR
1. The PR Mode
Plotted in Figure 22a is the ray path from Appendix C. The
arrows along the path indicate the wave mormal direction. The phase
refractive index surface for the points on the ray path are sketched in

Figure 22b. To understand the behavior of this ray, Eq. (E.26) is

written
dy c R 3 Y cos . . . .
_— e S ind - - f - f v - f_  sind
3t = or sind 2 ¥ cosy - 1 { 5 sind 3 cosd) 4 1 P

where the functions fl, £ f, and f, are given in Appendix E.

2’ 73
This egquation is obtained under the hypotheses that the wave freguency
is above the LHR frequency when the wave normal is close to the resonance

cone and that the Q.L. approximation holds throughout the path. The
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ray path plotted in Figure 22a satisfies these hypotheses (see Appendix C).
Therefore Eq. (E.26) may be used to analyze the ray plotted in Figure 22a.
At point 1 the wave normal is at the vertical direction (6=0)
and only the term due to the horizontal component of the magnetic field
gradient (f3) is different from zero, causing the wave normal to move
toward the geomagnetic field. It is noted (see Figure 21) that the
angle {4 1is measured from the geomagnetic field to the wave normal and
is positive in the clockwise direction. Let us examine each of the terms
in the equation above. The function fl is due to the vertical gradient
of the electron density, which decreases with height (see Figure E-2).
This gradient is inversely proportional to the scale height. The scale
height is inversely proportional to the mean mass, which decreases with
height. Therefore this function decreases with height not only because
it is inversely proportional to the geocentric distance, but also because
the scale height increases.with height. The function fl (Figure E-2)
was plotted for a scale height of 1000 km, which is a reasonable value for
the case of hydrogen only and therefore a good assumption for heights
above 2000 km. The value for fl, from Figure E-2, is approximately
32 at 500 km where O+ is the dominant ion and about 1.6 at 2000 km
where ’ H+ is the predominant ion.
For small ¢ the term Y cosy(Y cosy - 1)—1 is  approximately

equal to 1. For the case of a centered dipole, the function f which

9!
is proportional to the vertical component of the magnetic field gradient,
is equal to 1. The function f3 results from the vertical component
of the magnetic field gradient. This function is odd (see Figure E-3)
and has a maximum value equal to 0.25 at the colatitude of 63.50.
The last term (f4) contains the variation of the geomagnetic field
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direction. The function f4 is even with a maximum equal to 3.0 at
the equator. At low altitudes the function fl has larger values than

f4, and f2 sind is smaller than f3 cosbd, causing the angle 1§ to

increase. However fl decreases more rapidly with height which'makes
Y dincrease up to a point where H+ is the predominant ion (point 2).
Then the curvature of the magnetic Tfield is the main factor governing
the behavior of (. The angle ¢ decreases toward the value ¢m,
which is given by

A(u cosy)
"_—"?RT_JL' -0

v

m
At point 3 (y = wm) the energy is traveling parallel to the geomagnetic
field and

Y cosi

— e~ 9
Y cosy -1

Now the term containing fz is of the order of the term f4. The wave
normal continues to move toward the resonance cone, causing the function
Y cosﬁ/(Y cosy - 1) to increase. The phase refractive index also varies
with (Y cosy - 1)“1 and increases very rapidly in this region as it is
observed by the values found under the column MU in Appendix C. ‘There
is alpositive feedback causing the angle 1 to move toward the resonance
cone. Large gradients of ionization are necessary to take the wave
normal from this condition. Therefore this mode of propagation will be
referred to as the Pro-Resonance (PR) mode of propagation. The scale
height necessary to make the angle (| dincrease once this condition is
reached is now calculated. For the latitude of -4.00 from Appendix C
it is calculated
S
Y Zo(s::; 1E T =42
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Therefore a value for fl greater than 10 will be necessary to make

the angle § increase. This value of fl corresponds to a scale height
for H+ less than 70 km which is an unrealistic value.

After point 3 the energy moves toward lower L shells and the
wave normai continues to move toward the resonance cone. Since the
resonance angle is moving toward 90o the energy which is perpendicular
to the phase refractive index is traveling almost parallel to the geo-
magnetic field (point 4). This wave eventually reaches the ionosphere
(point 5) with a large phase refractive index and with wave normals

almost perpendicular to the geomagnetic field since Y >> 1.

2. Refractions in the Ionosphere and in the Magnetosphere

In Figure 23 a case is shown where the wave is refracted down in
the ionosphere and bounces back and forth in the magnetosphere. These
are the types of rays that produce the fish hook kind of spectrogram as
shown in Figure 10. An enlargement of the first point of refraction is
shown in Figure 24a. A sketch of the phase refractive index with the
wave normal and the ray direction for the four points indicated in
Figure 24a is shown in Figure 24b. The behavior of the ray in this

region is understood through the sketches in Figure 24b or through the

equations

dr .

— = sin

ds B
and

dé 1

- = = R

I = cosf

where 3 is the angle between the ray and the vertical. Only when the
surface is closed (LHR frequency above wave frequency), points 2 and 3

o ;
in Figure 24, can the angle (B reach values greater than 90 . The
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energy will reach a minimum height at point 2 (8 = 900) and from this
point on will travel upward, reaching a maximum in colatitude at point 3
(R = 1800). The ray 1is soon traveling in a region where the local LHR
frequency is below the wave frequency and the energy will then travel
toward lower L shells (poiﬁt 4).

This behavior is different from the one presented by waves
refracted in the magnetosphere. An example of a ray refracted in the
magnetosphere is shown in Figure 25 with an enlargement of the first
refraction shown in Figure 26a. The main difference in behavior is
due to the fact that the wave does not travel far enough in the magneto-
sphere before the point is reached where the local LHR frequency is
equal to the wave frequency. This causes the wave normal to be far
from the resonance angle when the region is reached where the LHR frequency
(point 1) is greater than the wave frequency. The wave will therefore
travel further down before the point of minimum height is reached
(point 2). At point 3 the ray reaches a maximum in colatitude and at
point 4 the energy is moving toward higher L shells. This is the
type of ray that produces the MR and the Nu whistlers [Smith and

Angerami, 1968].
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V. DISCUSSION AND CONCLUDING REMARKS

A, THE PRO-RESONANCE MODE

Evidence for nonducted whistler-mode propagation from one hemisphere
to the conjugate ionosphere has been found in frequency-time spectra of
VLF signals recorded by the broadband (0.3 - 12.5 kHz) receivers aboard
the 0GO-2 and 0GO-4 polar satellites. The nonducted propagation manifests
itself both in naturally occurring whistlers and in manmade signals.

The whistlers have been called "walking trace' (WT) whistlers
because their travel times increase rapidly with latitude, producing an
effect of "walking through" other whistler components that are excited
by the same lightning sources but whose dispersion characteristics
remain nearly unchanged with satellite position.

Many diverse characteristics of PR-mode propagation have been
explained by ray tracings in a model magnetosphere represented by a
dipole geomagnetic field and a diffusive-equilibrium distribution of
ionization. The excellent agreement obtained provides additional support
for the ray-tracing technique as a means of predicting the behavior of
nonducted whistler-mode waves in the magnetosphere, and also suggests
that the electron-density field-line model used (diffusive equilibrium,
with about 1200 el-cm—3 at L = 2.8 at the equator) is a good approximation
for the actual density in the plasmasphere.

The main characteristics of the PR-mode predicted by the ray tracing

are given in Table 2 and are compared with the satellite observations.

B. APPLICATIONS
The diagnostic potential of the PR-mode remains to be fully

evaluated. There are several promising possibilities, including use of
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Table 2.

PREDICTIONS OF RAYTRACING

COMPARISON BETWEEN RAY TRACING RESULTS AND OBSERVATIONS

OBSERVATIONS FROM OGO 4

COMMENTS

1)

2)

3)

4)

5)

6)

7)

8)

9)

10)

1)

12)«

13)

large wave normal angles, with
associated phase refractive
index approaching 1000

at a fixed frequency phase
refractive index increases with
latitude

at a fixed observing point, phase
refractive index increases with
frequency

for satellite below the level of
the upper maximum in the LHR
frequency, WT whistlers exhibit a
single component with a low
frequency cutoff in intensity

for satellite ahove a maximum in
the ILHR frequency, WI whistlers
exhibit two closely spaced com-
ponents (At ~ 70 msec)

for satellite below the upper LHR
maximum, the low frequency of WT
whistlers is relatively constant
with latitude

at a fixed frequency, travel time
increases with latitude

at a fixed observing point,
travel time increases with
frequency

a high~frequency cutoff in
intensity

upper cutoff frequency
decreases with latitude

a high latitude limit of
observations near 55
invariant

focusing effect (3 to 1 com-
pression in latitude range at
endpoint compared to input)

well defined WI-mode effects
depend on & model ionosphere
with relatively small hori-
zontal gradients at 1000 km

la)

1b)

2)

3)

4)

5)

6)

7)

8)

9)

10)

i

12)

13)

Doppler shifts up to several
hundred Hz near 10 kHz

both positive and negative
Doppler shifts, depending on
equatorward or poleward motion
of the satellite

at a fixed frequency, magnitude
of Doppler shift increases with
observing latitude

at a fixed observing point,
magnitude of Doppler shift
increases with frequency

typical WT mode whistlers exhibit 4)
a single component with a lower

cutoff (£, ) near 7 kHz
1co

a small number of WT whistlers 5)
exhibit two closely spaced com-
ponents with a lower cutoff

(cho) near 6 kHz and an upper

cutoff of the reflected component
(£ ) about 7 kHz
uco

over a typical observing range of 6)
2-3 degrees invariant, the lower
cutoff frequency is usually

constant within ~ +5%

observed in whistlers as the
"walking trace'" effect, also
observed in fixed frequency signals

observed in both whistlers
(rising tone) and fixed
frequency signals

observed in both whistlers and 9)
fixed frequency signals. In a

case study the ray tracing pre-—
dictions were about 1 kHz above

the observed cutoffs (case of

Figure 13)

observed in both whistlers and
fixed frequency signals. Fre-
quently causes the WT mode to
disappear as the upper cutoff
reaches the relatively constant
lower limiting frequency

WT mode observations thus far
limited to latitudes < 56
invariant

observed in whistlers, but
particularly clearly in fixed
frequency signals

well defined WT mode effects have
not thus far been observed in day-
time, when relatively large hori-
zontal gradients exist in the
latitude rangec of interest

the 0GO-4 orbit lies between
~ 500 and 900 km altitude.
The observations imply the
existence of a maximum in
the LHR frequency above the
satellite (f{c&z fLHR(max))

implies the absence of a
maximum in the LHR above the
satellite. Implies that

cho ~ fLHR(local) and

fLHR(max below satellite)
>t

< Tuco

implies that the upper maxi-
mum of the LHR frequency
varies relatively slowly
with latitude over the 2-3°
observing range

the discrepancy is pos-
sibly due to Landau damping
or to effects of detailed
features of the electron
density distribution



WT whistlers to obtain information on:

1) The plasma density and its gradient across the geomagnetic field
in the magnetosphere.

2) The largest lower hybrid resonance (LHR) frequency above the
satellite (from the lowest observed frequency), which in turn
sets theoretical limits to ionic compositions.

WT whistlers presenting a double trace just above the lower cutoff

indicate that the LHR frequency at the satellite is larger than all
values above it. This condition imposes severe theoretical constraints
on the rate at which the fractional abundance of " can vary with
altitude above the spacecraft.

Signals propagating in the PR-mode at 10.2 and 11—1/3 kHz from the

U.S. Navy Omega stations have been observed in the conjugate hemisphere
with amplitudes comparable to (or even larger than) those detected near
the transmitter. The enhanced signals suggest the feasibility of communi-
cation between a low power VLF transmitter and a satellite in the con-
jugate region. For this application a better understanding of nonducted
propagation is needed in order to cope with the Doppler shifts (up to
hundreds of Hertz) that are normally present in the enhanced signals.

A VLF transmitter aboard a satellite may be used to determine the

LHR frequency below it. Measuring the time delays, the point of refraction
can be determined. Simultaneous measurement of the electron densities with
the LHR frequencies will permit a determination of the profile of the
effective mass below the satellite. With these data it will be possible

to have an idea of the ion distribution below the spacecraft.

C. MODELS FOR THE MAGNETOSPHERE
The magnetosphere for the calculations in this report was assumed
+ + +

to be constituted of a plasma of electrons, H , He and O in a

- 91 ~



diffusive equilibrium permeated by a static magnetic field represeﬁted
by a centered dipole. Although as a simple model it permitted the
understanding of interesting phenomena observed by VLF receivers aboard
satellites. Also features of the data were predicted by tracing rays in
this magnetosphere. To match the data, horizontal gradients above
latitudes of ~500 were necessary, in agreement with measurements of
electron densities with satellites around the local time of the data.
Also large horizontal gradients are expected during day time which will
prevent the propagation of the PR mode. This is in agreement with the
survey of the data from OGO 4} an example is the data plotted in Figure 11.
During the night, horizontal gradients, below a latitude of ~'45°, are
expected to decrease in the direction of the equator. Thesé gradients

are in a direction to favor the propagation of the PR mode. Studies to

be carried out using a hump in the electron density at 1000 km are
necessary.

As it has been shown the PR mode is very sensitive to the geomagnetic
field and it is expected that distortion of the magnetic field from the
dipole configuration will show in the PR mode of propagation. Field
lines in the vicinity of the longitude of Rosman ( ~:970W) were plotted
usiné the Cain et al. [1968] coefficients and it has been found that the
dipole lines are a good approximation for this longitude. However the
same is not true in the case of longitudes near Johannesburg ( ~«400E)-
Therefore rays were traced in a magnetosphere where the geomagnetic field
is represented by a harmonic expansion [Cain et al., 1968]. It was found
that the latitude at which a given Doppler shift should be observed is
about 1o lower for the dipole representation, near the longitude of
Johannesburg ( ~ 41°E). Since the characteristics of signals propagating
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in the PR mode change very rapidly with latitude a discrepancy of 1°

is too large. This result confirms the prediction given in Chapter 4,

Section E.

D. RAY-TRACING TECHNIQUE

Ray tracing was the essential tool used to understand the behavior
of the rays that produced the PR mode of propagation. An equation that
governs the variation of the angle between the wave normal and the geo-
magnetic field was used in order to explain the behavior of the rays
that produced the PR mode. It has been found that the geomagnetic field
has a preponderant role in the general behavior of the waves in the PR
mode. Therefore it is expected for the same ionization distribution;
however for longitudes where the geomagnetic field differs from the
dipole the waves will show a different behavior than those in a dipole
field. This has been tested through a ray-tracing program where a more
realistic model for the geomagnetic field is used. The geomagnetic field
is developed in harmonics With coefficients given by Cain et al. [1968].

The distribution of ionization given by a diffusive equilibrium
model appears to be representative of the distribution presented in the
magnefosphere. The use of VLF waves in the magnetosphere, with the ray
tracing technique Wili certainly bring insight into the modeling of the
magnetosphere.

One questionable problem is that related to the upper cutoff
presented by the WT whistlers. Here it is proposed that this upper
cutoff is caused by horizontal gradients occurring at latitudes above

~ 45°. The MR whistlers [Smith and Angerami, 1968] show a similar
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upper cutoff and Thorne [1968] proposed Landau damping as a mechanism
to explain this upper cutoff. Although these waves present favorable
conditions for Landau damping it is necessary to study further the
propagation effects on these waves.

Influence of longitudinal gradients in the ionization was left out
in this study. These gradients will certainly be important during the

sunrise and sunset where large horizontal gradients are expected.

E. RECOMMENDATIONS FOR FURTHER WORK

Toward higher latitudes a descending tone whose lower cutoff
generally merges with the upper cutoff of the WT whistlers is seen on
occasion. This whistler has been interpreted as a consequence of the
presence of large horizontal gradients and it is a kind of change from
the PR mode to the PL mode of propagation,

Another problem to be explored is the one related to the upper
cutoff. Apparently this upper cutoff is produced by the presence of
horizontal gradients at higher latitudes which will cause the rays to
change their mode of propagation. However a detailed study of this
phenomena is necessary. In the case where this possibility is ruled
out, -the Landau damping will be the other possible mechanism. If the
upper cutoff is produced by this last mechanism, measurements of ener-
getic particles in the magnetosphere will be possible using the PR mode
of propagation.

On several occasions, particularly during November 1967, artificially
stimulated emissions (ASE) associated with Omega signals were observed on
OGO 4. Some of the ASE's‘appear to be triggered by ducted signals; in
this respect they are similar to those observed on the ground (see

Carpenter et al. [1969]), whereas some appear to be related to nonducted
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signals. The latter signals were observed both in the hemisphere con-
jugate to the transmitter and.in the same hemisphere (in this case
several echoes were also present). Study of the ASE's is possible,
using ray tracings to locate possible regions of generation and corre-
sponding wave normal directions.

The ray tracing has been shown to be a promising tool to determine
the electron density distfibution in the magnetosphere in conjunction
with VLF data. An interesting problem not yet studied is that in
connection with longitudinal gradients in the electron density. These
gradients certainly will be important near the dawn-dusk meridian. This
is another problem where the use of a ray-tracing program is necessary

to obtain a quantitative answer.
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APPENDIX A.

A listing of the two-dimensional ray tracing is given in Table 3.
The leftmost number on each line is the sequential number of the state-
ments. The number that appears at the right side of some statements
corresponds to the sequential number of the corresponding equation in the

text. For instance, Eq. (48) generated statement #350.
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OVOW=NOU DWW NN

=

11

28

Table 3.

$WATFCR

LISTING OF THE RAY TRACING PROGRAM.

RUN=NOCHECK»TIME=1+KP=29

C**#**#*#****#******#*i#*#*************#********t**********************C

C

MAIN PROGRAM,. C

okt ok ko 3 o e o ool o sk e sde ek e o o e e ol e sk e ol e s o e e e s e ofe e e oot s ke oo e ook ekl e e etk ok ke ok R Rk Rk ok

DIMENSION XQ{(1C)
COMMON RO»>MASSsRACCRA+GRARADINUMSFKCsMODE»FIRSTSIM

COMMON /MAINF/ PSILCPTICN

REAL MASS,LAT

LCCGICAL FIRSTySKIF,CPTION

R0=6372.C
MASS=1836.0
RADGRA=57.29578
GRARAD=1.,745329E~-02

4 READ (5+1.END=50C)} FKCsMODE-OPTION,

X
X

HEIGHT ,LAT,DELTA,PSI,
SKIP;ABSBaRELBs KOUNTsNsHM

1 FORMAT {(E6.1,12,415/

X FB.14F8.2,F8,24F8.2/
EsE6elsE6.1913:12,F6.2)
WRITE {€,45) FKC,DELTA,MODE,

X

X SKIP,ABSB,RELB

S FCEMAT(*1',? FREQUENCY="4E9.25 'KHZ DELTA='"4FT.2,
X? MCCE *,12,//,

X4 SKIP=",1L5," ABSB="',EB8.1," RELB=%sE8.1e//)

3 FORMAT (!

*

FIRST=L.TRUE.
XC{1)=HEIGHT+RO
X012)={90.00-LAT)*GRARAD
IF (.NCT.CPTION) PSI=PSI*GRARAD
X0{2)=DELTA*GRARAD
X0{4)=0.0
DELTA=DELTA*GRARAD
TINIT=C.O
H=HM/SCRT(FKC)
WRITE (6,3) H,KOUNT
=1sFbele! KOUNT='513,/)

CALL ADAMS {N,TINIT,&,KCUNT,ABSB,RELB,SKIP,X0)
GO TO 4

500 RETURN

(G e A o o 8 o ke o Sealeshe o R ok ool e ol ok o sl e o ok dfeaie e e kel skl i ool e e e o kol e ool ek ook dealok ek ok ok ok ik

C

END OF MAIN PROGRAM, C

(G oo ok o e o o o ofe e sleole ook e oot ol s e e s ofe ot o e e o ok e ol e e e ol alkofe ol skt ok kool ek e ook sk ek ok ek ekl ko ko ok X

END
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29 SUBROUTINE ACAMS (N, TINIT,H,KOUNT,ABS B, RELB, SKIP,X0)

C ALAMS PREDICTOR-CORRECTCR SUBROUTINE.,
Corzeooba d b b X% g ddokobdokdok dopdolobok ok deokodoofookok do ook ok dokok ok e ok et ok okokokkokok ik
30 DIMENSION XC{1C)sXP{E,5) ,F{845),AK{845),E(8)
31 CCMMON ROsMASSsRALGRA:GRARADs NUMsFKC+MODE-F IRST»IM
32 COMMON /ESCA/ P(8,5)
33 REAL MASS
34 LCGICAL FIRST,SKIP
35 70 IF {NOT.FIRST) H=H#*0.25
Coedk A hd 3 5 % 4ok 4o b 4 00k % 4 3 3090k b dolokaop d ko dokookate d ok shoobok ko todeok ok dok ok kR kb k4
C SET UP INITIAL VALUES.

C ek o o o8 456 o 4 5% o o ookl ko sl ek ol ook ko ook e el 3 skl ok el e ool ek ootk k ok R KRRk kG
36 DC 90 I=1.N

37 PII,1)=X0(I)

38 90 CCATINUE

39 KTEMP=0

40 T=TINIT

41 IF {(.NOT.FIRST) €O TG 140
% etk ok e ok ok e ook o s e o e st e e e o e ool ok ok o ol ol ok o o e e e ok ok e ok e ool o A ofe e ok el s ok ok ok ko e e kR ok ok koo sk ok
C #x% WRITE THE HEADING %%
C 383 ok 3 oo dsale e o ol o oo ool o s o o o oo o ok skl gl e e o e sl e o slafesde ofe o sl ol ook sl kel sk e ok e ke kol ok e e ko

42 CALL FUNGT{T,P,F,1,61400)

43 J=1

44 CALL ESC{J+£1400)

45 140 IF (.NOT.SKIP) GO TO 18C

46 1A=2

47 1B=4

48 GO TO 300

49 180 RELTES =14.2#RELB

50 ABSTES =14.2%ABSE

51 FACTOR=RELB/ABSB

52 LB=RELTES /400.0

53 H=2.0%H

54 Ga TO 270

55 24C T=1S

56 H=C . 5%H

57 G0 TO 300

58 270 [A=2

59 18=2

60 TS=T
C o e s ek o o o ok ol s e ok ofe B ok o e ofe ok e s ale e o ok ol sealle ok e ok o ali o ke ofe sk ko ok sk ok ok ek afkaealk e ok ek e ol e ol ke eole ok ook
C RUNGE=KUTTA STARTING METHOD.
et e e oo o o o ool e e oo e ok o ode e o o o o ol sk ok ol e ok ok s ok sl ol ok ol ol ol ol ok ks ok o o kol e e ol ok ool ol o ok sk e e ol ke kR ko Rk

61 300 DC 510 J=1A,IB

62 CALL FUNCT(T,PsF,J-1,670)

63 DC 350 I=1,N

&4 AK(I,1)=H¥F({I,J=1)

65 P(IsJ)=P{l+J-1)+0.5%AK{I.1)

66 . 350 CONTINUE

67 TTEMP=T+0.5%H

68 CALL FUNCT(TTEMP P ;F,4,670)

69 DO 410 1=1,N

70 AK(I,2)=H*F{1,J)

71 PUIsJ)=P(1,J~1)4C.5%AK(1s2)

12 410 CONTINUE

73 CALL FUNCT{TTEMP.PsFoJsE70)

14 DO 450 I=1,N

15 AK{T,3)=H2F(I54)

16 PUIsJ)=P(T,d-1)+A4K{1,3}

77 450 CGNTINUE
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78
79
80
81
82

83

84
85
€6
87

101
1C2
103
104
1€5
106
1C7
108
109
11¢
111
112
i13
114
115
116
117
118
119
120

121
122

T=T+H
CALL FUNCTI{T4P,FsJs870)
CC 510 I=1,N
AK{T ea)=H¥*F{I,J)
Pl{IJ)=P{ly4J-1)+C.166666T*{AK(1,1)42,0%AK(1,2}
1+2.0%AK(1+3)+AK{ Is4))
510 CCNTINUE
%3 e o o sbeofe o e e ok g ofe sk e ool ofe ofe ok ok Aol ok o o o ol e sl e o e s i el sl ek e ikl de ke sk ok ek e sk e ok sk ke €
C END RUNGE-KUTTA METHCD.
(G e ok o o e e ok e e e 3k e ok e ofe o o o o o o Tk ok ok o e o o seade o o akofeoli s ok e ek e s ok ool e ek ok ok ok ok e ok kR
1F {(IB-2) €40,53C,64C
530 LC 550 I=1,N
XP{I1,5)=P(1,2})
550 CONTINUE
(C e o ok e e sk ok ol e e e ofe sl ok ok o ok ok e o ok ol sk ol ek o o ok o 3 e ok sk e e ok ke sl ok sl ok e dfe sk el e ek dfe el ek el ke ke e ek ok

c XP(1) ARE THE VALUES OF DOUBLE INTERVAL TO BE

c LSED IN ERRCR ANALYSIS.

C % e o o o o e e feofe ok sdeofe o ok e o ool ool sk e e e o ode el ook e sk ke kol e ok ek skl ke e ek e ke ek ok ke ek Rk %
T=T-H
H=C.5%H

WRITE (6,5€1) H
581 FORMAT(* IN THE FOLLOWING CALCULATION H='4E15.84/)
IF (ABS(H).GT.1.0€-07) GO TO 620
WRITE (6,€C1)
601 FGRMAT (' ¢, &% EQUATIONS CAN NOT BE SOLVED FURTHER WITHIN?®,

X ' GIVEN ERRCR BOUND *%* 1./}
RETURN
62C IB=3
G0 10O 300
640 IF [IB-3) 81C+65(.810
650 J=3
KKK=0

R ok 4 A dokogobob ool dokob ook o b kb ok etk oo ookl ok Aok Aok ol Aok kR R Kk kR kR C
C IS ACCURACY CRITERION MET?

€ e okt o o e o o oo ot o e oot e e ot o koo ok o ok e e e ek ol ok e gt e e ek ol ok ok ok Rokor R Kok okok
660 DC 760 I=3.,4
IF (KKK) 867(,670,720
670 E(I)=ABS{XP{I,5)-P(1,4))
IF (E(I1)}-ABS{P{I-J))*RELTES ) 681469048690
681 E{1)=E(1)/ABS (P(I,J))
G0 TO 760
690 IF (E(I)-ABSTES ) 691,7C0,700
651 E{I)=E{I)*FACTOR
¢C TO 760
70C 1=T1-H
IF (J-5)53(,72C,53¢C
720 DG 740 111I=1,N
‘ P{III+1)=P{III,4)
740 CONTINUE
GL T4 270
760 CONTINUE
IF (J4-5) 780,108C.78C
780 1A=4
18=4
GC T3 300
C kg bk ook dokodokal k kb dok bk ok ool ok ok okl ok ook gk Rk glok ok Kok Rk Ak Rk
C SHCULC ANY OF THE STARTING VALUES BE PRINTED QUT?
€ sesieobeode ok ook e ookt e kol kol ol 3 o ok o ok 2ok ook ol kR el ok ek otk ok el ke ok ok Sl R ek KR R KR
810 T=T-3,0%H
0C 921 J=2.3
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123
124
125
126
127
128
129
13¢
131
132
133
134
135

136
137
138
139
140
141
142
143
144
145

146
147

148
149
150

151
152

123
154
155
156
157
158
159
160
161
162

163
1¢€4
165
166
167

T=T+H
KTEMP=KTEMP+1
GG TO 910
87C CALL ESC(J561400)
900 K1ENP=0
DO 901 IJ=1,N
XCUIJI=P(1J>d)
901 CONTINUE
TIMT=T
910 IF {KTEMP~KCUNT) $21,87C»870
921 CCATINLE
T=T+H
930 CALL FUNCTI(T,P,F,4,61310)
C % Boofe oo e o o 3 ol ok o ofe ok o ok o e e g o e e e e o o e ol e e e e e e o ok ok ok e sle e ke okl ol ol ke ok o ik ok ok ok ok ok ek ()
C BEGIN ACANS METHGD.
c TEST WHETHER COMFUTEC VALUES SHOULD BE PRINTED OUT.
(Mo e o e o i e o e e e e o oge o ol e ok ol 3 o o o S o sk ol e e ol s e ool e e e e ofeoe e o ok ol ke ok e ok e o e e e ok e et e o ke ek
KTEMP=KTEMP+1
G0 TO 12¢CC
116C J=4
CALL ESC(Js81400)
1190 KTEMP=0
' 0C 1201 I1J=1,N
X0(I1J)=P{1J,J)
1201 CONTINUE
TINIT=T
1200 IF {KTEMP-KCUNT) 940,1160,1160
G 3% e sk ok o oo o oo ot oo ol oot ol e o koo okl ok R kotedode e kool ok ek e sl e el koo ok ke ke e ok ok ke ok Rk
c XF IS PRECICTOR VALUE.
(% o8 ok 2 e o e o e oo ol o sl e e oo o ot ol o 3 o o sieate s ol sl o sl gk e sl ok e e o slkade o o ol afe e e e e e Sl dc e e e o ek oo e ek ke ok R
940 [0 960 I=1,N
XP(I,5)=P(144)+0.0416666666T%HE(55.0%F(1,4)~
159.0%F(152)437.C*F(1,2)=9.0%F{1,1))
$60 CCATINUE
T=T+H
CALL FUNCT(TsXP,F35,67C)
(C % sk o e o o e o e afe o oo o o o ook o ko8 o o o o o 2 ek el A o e e e o e e e e o e e e e e feode e e e o el e e e sk ok ek ok Rk
c P IS THE CORRECTCR VALUE.
Chkdhkbd AR bbk b ddbdkd b ddds ok Soatescdkdo ok b ok doto ok e oede e e ke e e de e ook e dk ok ok ek
00 1010 I=1,N
PULy5)=PIL,4)+0.C4LE66666THHE(9,0%F(1,5)+19.0%F(1,4)
1-5.0%F(I»3)+F {15 2))
101C GCNTINUE
IF (SKIP) GO TO 1C80
1030 J=5
GO TO e6¢C
1080 CO 1120 I=1.N
PUI,4)=P(1,5)
LO 1120 J=2,5
Fllsd=1)=F(1,d)
1120 CGNTINUE
‘ IF (SKIP) GO TO $20
G de o e s e e el oo ofe ool o o ook ok o o o ol R o o o ode skl ol ok e e e o e ool s ol e ok feok sedle ke ek A e o ek ok b ek sk ok ok ok
C TEST WHETHER THE INTERVAL CAN BE DOUBLED.
Cruxe b dddd e d kb dodhod 3344 dddktokkokdookddokfdkkkfokkddokkkfokdde kb kiod ik Rxk¥(
1220 DO 1240 1=3,4
IF (E(I)~CB) 1240,1240,520
1240 CCATINUE
DO 1270 I=1,N
P(I,1)=P(1s4)
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168 1270 COATINUE

169 H=4,0%H

170 WRITE (6,1291) H

171 1291 FORMAT(* DOUBLE H '3;E15.8,4/)
172 GG TO 270

173 1310 WRITE (6,1311)
174 1311 FORMAT (' °,° ¥%¥% SUSPICIOUS RETRY *¥x%t,/)

175 KKk=1
176 GC TO 660
117 1330 T=T—-H
178 KKK=1
179 GO TO 660

180 1400 RETURN
CHZFRadopdoh e Rk dE R Kok R S #3838 4 ddookstok i ok dofok ok dokk ok g fkkokk ik kkkkr kxg ek

C END OF THE ACAMS SUBROUTINE.
CHikt iAo 80% 223 20 k3 443 48 ok d otk ok kg ko Rk kkkk kR R R R RR ek kR RC

181 ENC
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182

183

184
185
186

187
188
189
19¢C
191
192
193
194
155
196
197
198
199
200

201
202
203
204
205
206
207
2C8
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235

SUBROUTINE FUNCT (T 4P,L2D0Tsds*)

C e o 2 o o oy oo o oo sl ool ok o o oo o oofe o oo ool g o e ke sl e el o ok e e gl ek ek kb ok kX KRR E XX RC

1C0

DIMENSION Z(8)4+P(8,;5),DZDT(8,51,Y012),Y(4),ALPHAO{4),ALPHA(4),

DLNDR(4) sDLNDY(4) ;DLNDPU(4) s ND{(4) yX{(4),DBDZ(3),DBTDZ{(3)},

CBPDZ{3)-DGDZ{3)-CBEDZ{3) +DMUDZ{ 6) e

CCMMON RO, MASS;RACCRA; GRARAD,NUMFKCsMODESFIRST, IM
COMMON /MAINF/ PSI,OPTION
CCOMMCN /ESCF/ WALPHAUS) +WBETA{5); HGAMA(S) ,WPSI(5) s WPSIRELS),

DBRDZ{3)

WALFA(S) s WFOE(S) sWMU(S5) yHALIS) sWAP(5) s HAR(5)

NMOBE{S5)» hGF(5)

LCGICAL FIRST,0PTICN
ND; MASS;NECs MUy ML2, MUL,MUL12,MUL3,MUL4, MUG

D0 100 I=1s4
Z{I)=P(I,:J)
CONTINUE

| €0S22=CCS(212))

201

SINZ2=SIN(Z(2})
SINZ22=SINZ2%*SINZ2
€0S5222=C0SZ2%CCS12

IF (.NOT.FIRST) GO TO 200
READ (5.201) GFO

FORMAT (F7.2)

WRITE (64202) GFC

202 FCRMAT {* ¢, * %%k TFHE EARTHS MAGNETIC FIELD IS REPRESENTED BY A?,
* CENTERED DIPOLE WITH A GFO=",FT7.2," KHZ %%kk?,/])

200 R=1{1)

AA=1.0/{1 .0+3.0%05222)
BB=SQRT (AA)

GF=GFO* (RO/R)**3/88
YC{1)}=2.0*%C0SZ2%*B8
YO{2)=SINZ2%88B
CBCZ(11=-3.0/R

DBDZ{2)=—3.C*SINZ2*COS12%AA

Y(1)=—GF/FKC
Y(2)=—Y{1)/MASS
¥Y(3)=0.25%Y{2)
Y{4)=0.25%Y(3)

CALL DENS (R,COLAT,NC,ALPHA,DLNDR,DLNDT)

FOE=SQRT{80.7*#NC( 1))

X{1}={FCE/FKC)**2

CONS=X{ 1) /MASS

X{2)=CONS*ALPHA(2)

X{3)=0,25%COCNS*ALPHA(3)

X14)=0.0625%CCNS*ALPHA( 4}
IF {<NOT.FIRST)Y GO 7O 61

YY=Y{(3)
IF (IM.EG.3) YY¥=Y{4)
IF {JNOT.CPTION) GO TO &

61 DELTA=P{3,4)

CDELTA=COS{DELTA}
SDELTA=SIN{DELTA}
SPSI=SDELTA*YQ{1)-CDELTA%*YQ{2)
CPSI=CDELTA*YO{1)+SDELTA®YO{2}
PSI=ATAN2{SPSI,CPSI)

G0 TQ 7
CPSI=COS({PSI)
SPSI=SIN{PSI)
CDELTA=YO{1)#CPSI-YO(2)*SPS1
SDELTA=YQ(2)#CPSI+YC{1)*SPS]I
P13 J)=ATANZ2(SDELTA-CDELTA}
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079
084
085
080
11: 3
041
04l
041
041
040
039

039
039
039

082
083



236
237
218
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
2¢5
266
261
268
269
270
271
212
213
274
275
216
277
278
279
280
281
282
283
284
285
286
287
288

289

291
292

293

8

10
11
1001

12
21
14

13

20

1CQ2

22
17
18

30
310

2000 FCRMAT (*

X

IF
IF

IF
IF

IF

1F
IF
IF

IF

CPSI2=CPSI*CPS]
SPSI2=SPSI*#SPSI
AR=1.,0
AL=1.0
AP=1.0
DO 8 I=14NUM
AR=AR-X(1)/{1.C+Y{I))
AL=AL-X{I)/{1.0-Y{(1})
AP=AP-X(1I)
CONTINUE
AS=0.5%{AR+AL)
AD=0,5%{AR—-AL)
ARL=AR%AL
APS=AP%AS
APL=AP* AL
APR=AP%*AR
A=AS%*SPSI2+AP*CPSI12
B=ARL#SPSI2+APS#{1.0+CPSI2)
C=AP*ARL
AC=A%C
If (AC) 9.+9,10
F2=B#8-4.,0%AC
NMODE(J)=1
GO TC 11
F2={(ARL-APS)*SPSI2) *#2+4,0% (AP*AD}*%2*(PSI2
NMODE(J)=2
GO TO (1001,1002),MCDE
{AL.GT.0.0) GO TO 12
{1.0.GTYY,AND.1.0LT.Y(2)) GO TO 13
GO TO 24
{1.0.LT.YY) GC TO 20
{A.6T.0.0) GO TC 31
MU2=(B-SQRT(F2))/(2.0%A)
GO TC 3¢
{A.6T7.,0.0} GO TO 31
(B.GT.0.C) GO 10 18
GO TO 14
{A.LT.C.Cs0RLB.LTW0,0) GO TO 17
MU2={B8+SQRT(F2))/(2.0%A)
GC TG 30
Fl=~0+5%CGF+SQARTIGF*¥2+0,25%F0E**2)
{FKC.GT.FZ) CC TO 22
{AL.GT.0.0) GC 10 20
(1.0.GT.Y{2) sAND.R.GT.0.0) GO TO 13
GO0 TC 34
{AP,GT.0.0) GC TQ 34
GO0 10 21
MUZ2=(2.0*C)/{B~-SQRT{F2))
G4 TG 30
MU2=(2.C#C) /{B+SQRT(F2))
IF (MU2) 31,32,32
WRITE (€,20C0)

voERE, /)
€O TO (1s2).MODE

1 GFP=Y(2)*FKC

2001 FORMAT(Y f,¢ GFP='+E£9.2+'KHZ GF=%3E9.2+ ' KHZ FOE='4E%9.2,

X
RETLRN 1

WRITE (6420C1l) GFP,GF,FOE

¢ KHZ',/)
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2%4 2 FC2=CF*(C . C625+ALPHA(2) +ALPHA(4) )/ MASS

295 WRITE (€52002) GF,FC2,FOE
266 2002 FORMAT (Y 14 CF=%4£9.2,' KHZ FC2=1,E9,24 ' KHZ FOE="',E9.2,
X Y OKHZ',/)
297 RETURN 1
298 31 IF (FIRST) €O YO 310
299 WRITE (¢€,33)
300 33 FORMAT (v ¢4 #%% PSI CQUTSIDE RESONANCE CONE *%%%,/)
301 RETURN 1
302 34 IF (FIRST) GO TO 310
303 WRITE (6,35)
304 35 FORMAT (' ¢,¢ *&% JT IS NECESSARY TO DIVIDE THE INTERVAL OF INTES,
X TGRATION *®%%x1,/) )
305 RETURN 1
306 32 MU=SQRT{MU2)
307 IF (1.0C.L7.Y(2).ANC.MODE.EQ.2) GO TO 37
308 IF IMODE.EQ.1.CR.MLDE.EQ.2) GO TO 43
309 IF {FKC.LT.FCE.OR.FKC.LT.GF) GO TO 37
310 43 ARG=—AP/AS
311 IF {ARG) 37,328,138
312 37 PSIRES=1,57(C79£3*SIGN(1.0,PST)
313 60 TQ 39
314 38 PSIRES=ATAN(SQRT{ARG))
315 APSI=ABS(PST)
316 SNPSI=PSI/APSI
317 IF (APSI-1.57C75€3) 40s4L1ls41
318 4Q PSIRES=SNPSI*PSIRES
316 GO TO 38
320 41 PSIRES=SNPSI*(3.1415962—-PSIRES)
321 39 MUL=MY
322 MU12=MULlAMU]L
323 MUL3=MUL*MUL2
3124 MULl4=MUL2%MUL2 .
325 DENCM1=1.0/{MU12%SPSI)
326 DENCM2=1.0/(4.0%MUL3%A-2,0*MU1%*B)
327 S2PSI=2.C*SPSI*CPSI
328 DACPSI=S2PSI* (AS~-AP) 064
329 DBDPSTI=S2PSI*{ARL-APS) 065
330 DCOPSI=C.0 066
331 DMUDPS={NU12%DBDPS I-MUL 4*DADPSI ) *DENOM2 063
332 DGOZ(1)=0.0 . 060
333 DFSDZ1=C.0 058
334 DPSCZ2=—2.0%AA 058
335 DMUDZ(1}=C.C
336 CMUCZ(2)=DMUDPS*DPSDZ2
337 CARDF=0.0
338 CALDF=C.C
339 LAPDF=0.0
340 DMUXZ1=C. 0
341 EMLYZ1=C.0
342 DMLXZ2=C.0
343 DMLYZ2=C.0
344 CC 53 I=1sNUM
345 DARODX=~1.C/(1,0+¥Y{1}) 049
346 . DALCX=-1.0/(1.0-Y{I}) 050
347 CAFDX=~1.0 051
348 DADX=0.5%{DARDX+DALDX)*SPSI2+DAPDX*CPSI2 046
349 CBLX={ AR*DALDX+AL*DARDX)*SPS12+{ 0. 5*AP*(DARD X+DALDX)
X +ASXCAPDX)*(1 .0+CPS12) 047

350 - DCCX=APR#DALDX+APL *¥*DARDX+ARL*DAPDX 048
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351
352
353
354
355
356

357
358
359
36C
361
362
363
364
365
366
3671
368
3€S
370
371
372
373
374
375

376
377
378

379
380
381
382

383
384
385
386
387
388
389
39¢C
391
32
393
394
385

386

DMUCX=(-DADX*MU14+DBDX*MU12-DCDX ) *DENOM2
DARCY=X{IV /(1. 0+Y(T) ) %%x2
DALCY=-X{I)/{1.0-Y (L} )¥%x2

DAPDY=C,C

CACY=0.5%{DARDY+DALDY}*SPSI2

044
055
056
057

052

CBCY={2R¥DALDY+AL*DARDY }¥SPSI2+40.5%AP*{DARDY+DALDY) *

(1.,C+CPSI2)
DCOY=APL*LARDY+APR%DALDY
DMUDY=(—NUL14*DADY+MUL2*CBDY—-DCDY }*DENDOM2
OxCZ1=DLNDR{L)*X(T}
DXCZ2=DLANDT{I}*X{I)
OYCZ1=CBOZ{LY*Y(I)
DYCi2=CBDZL2)%Y( 1)
DMUXZ1=DMUXZ1+DMUDX*DXDZ1
DMUXZ2=DMUXZ2+DMUDX%*DXDZ2
CMUYZ1=DMUYZ14DMUDY*DYNZ1
DMLY Z2=DNMLYZ2+DMUDY*DYDZ2
CARDF={2.C+Y{1))*DARDY+DARDF
CALCF={Y{I)-2.0)%DALDY+DALDF
CAPDF=DAFDF+X{1)

53 CONTINUE
CAPDF=2,.0%DAPDF
DMUDZ 1=CMUDZ{ 1)+DMUXZ1+DMUYZ1
DNMUDZ2=CPUDZ{2)+DMUXZI2+DMUYZ2

DADF=
DBOF={AL*C ARDF+AR*DALDF)*SPSI12+(0.5*%{ AR+AL) *DAPDF

DCDF=

0., E#{CARDF+DALDF ) *SPSI2+CAPDF*CPSI2

+AP20.5%{DARDF +DALDF) } %{1.0+CPS512)
ARL*CAPDF+APL*DARDF+APR*DALDF

DMUDF={~-MU14*CADF+MU12*DBDF-DCDF ) 3DENOM2
TALPHA=-LMULCPS/MUL
Coookad b % koo ok # ok oh o bk b b bk doofok ook ok dokak ikl ool ok ok ok ook ko
C DIFFERENTIAL ECUATIONS.
Caak b b A doddokda kb ook kb ok kool o doeokot ok o ook s Aokl ok kel ok koo koo e
C2CT(1+J)=(CDELTA-SDELTA*TALPHA)/MU1
DIDTL2yJ)={CDELTA*TALPHA+SDELTA) /{NMU1*R)

CZCT{3,Jd)={(CDELTA*DMUD22/R~SDELTA*DMUDZ1)/MUL-SDELTA/R) /MUL

C20T{4+J)={1.0+DMUDF/MUL1)}/3.0ED5
Coedede s ook oo ok ok ol okob 9 b ook oo ool o Sl etk s dofe s et ek dokodok sk e dokok Aok ook ok ok X
WALPHA{ J )=ALPEA(2)
WBETAL J )=ALPHA(3)
WGAMAL J )=ALPHA{4)
WPSIRE{ J )})=PSIRES
WALFA( J )=TALPHA

WFCE( J }=FCE
WEF( J )¥=GF
WML (J)=MU
WAL( J J=AL
WAP{ J J=AP
RARL J )=AR
WPSI(J)=PSI
RETURN

C A 3o dleale o o ofe o e abeole o ok o o e ke s o o ook ok o ol ek A ek e el e ol kol e Ak s o ko ek ek e de ke ek e okok kleok kR C

ENC
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397 SUBROUTINE CENS (R,CGLAT,ND,ALPHA,DLNDR,DLNDT)
Cdokkoie b okt dolok d ok 3 4 43 3 3 28 dokadobokdok ook dok kokok ok kool dok ok kol R Rk X R R E R TR

398 DIMENSIGN ALPHAG(4) 3ALPHA{4),DLNDR{4),DLNDT{4),ND{4)
X +EXNOR{4)sSH(4)-QI{4)
399 COMMON ROSMASSsRACCGRA,GRARAD, NUM,FKC,MODE, FIRST, IM
400 REAL NDgsNR,NEQ;MASS
401 LCCICAL FIRST
402 IF {LNOTLFIREST) GC TC 3
403 WRITE {6,90)
4C4 90 FORMAT (°® 7,® %*x% THE ELECTRON AND ION DENSITY MODEL IS?,
X ' THE DIFFUSIVE EQUILIBRIUM ONE *%%t,/)
405 READ (5»,100) HEBASEsNEQ», {ALPHAO(I}+1=2+4)»THERMyNUM,IM
406 10C FORMAT (F7.29E6.1393F5.2,F6.1:12412)
407 WRITE (6,200) HBASESNEO; {ALPHAO(1) s 1=2+4) s THERM
408 200 FORMAT (* 9,¢ CENSITY AND % AT ', F6.1,9KM*,//,
Xt NEO=¥43F 713 ? He¥=% 3F 6,252 HE+=%,F6,2, ¢ Q=" 4FH.2y
Xt TEFP=%Fi1.10/7)
409 DC 30C 1I=254
410 ALPHAC{I)=0.C1*%ALPHACI(I}
411 300 CCNTINUE
412 RBASE=HEASE+RC
413 CO0=9.8C3{RO/RBASE) *%2
414 SH{2)=8.2542%THERM/ GO 069
415 SH{3)=CL,25%SH{2) 069
416 SH{41=0.25%SH{2) 069
417 3 VZS=RBASE/R
418 GPH=RBASE*{1.C-VLS) 068
419 EXNGR(2)=EXP{~-GPH/SHI(2}))
420 EXNOR{3)=EXNCR(2) *%*4
421 EXNOR{4)=EXNOR{3)%%4
422 Q=0.0 .
423 SUMI=0.0
424 DO 1 I=2,.NUM
425 GI(I)=2LPLAQLII*EXNOR(I)
426 C=G+QI(1) 0712
427 SUMI=SUNMI+QI(I)/SHII)
428 1 CCONTINUE
429 NR=SQRT(Q)
430 VZS2=V18%*V1IS 076
431 ND(1)=NEC*NR 070
432 CLNDR{1)=-SUMI*VZS2/{2.0%Q) 073
433 DLNDT{1)=0.C o017
434 DO 2 =2 4NUM
43% ALPHA(I)=QI(1)/Q
43¢ ND{I)=ND(L)®ALFHA(I) /71
437 CLANDR{T)=-DLNDR{1)—-VZS2/SH{I)} 074
438 DLNDT(I3=0.C 078
439 2 CONTINUE
440 RETURN

(C kot e o ok ok Ao e ok o ofe e e e ok oo ok o ok o ot ke ook sk ook el ik i o oo e el o o ek ok e e dleade ok sk o ko ket e ek ool i kR G
441 ENC
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442 SUBROUTINE ESC{Js%)
Caodd s p dobokdoktkd b b dohd ot 4o 2ohdadob kbbb kdok ook dol ok koot koo dok ko k kot k k%
443 CIMENSIGN TGEND(5)

444 COMMON RO,MASS;RADGRA,GRARAD; NUM,FKCsMODE, FIRST, IM

445 COUMMCN /ESCA/ PLEs5)

446 CCMMON /ESCF/ WALPHA(S);WBETA(5) ,WGAMA{S]) HPSI(5),WPSIRE(S]),
X WALFA{S) ;WFOELIS5) sWMU(5) WAL (5) yWAP(5) ,WAR(5},

NMCDE(5) sWGF(5)

447 REAL MASS,INV

448 LOGICAL FIRST,STOP

449 T6=A85(P{4,J))

450 Z1=P{145J)-RC

451 12=90.00-P{2-J)#RACGRA

452 DELTA=P{3;J)*RACGRA

453 ELE=P( 1, J)/{RCASINIP(2,J) }%%2)

454 PSIG=WPSI{JI*RALCCRA

455 ALFAG= PSIG+ATAN(WALFA(J))*RADGRA

456 PSIRG=WPSIRE{J)*RADGRA

457 WD=2- CxWAR{II*WAL{I}/ (WALLJ) +WAR(J)) )

458 IF (TG.GT.TGEND(2)s0Ra{Z1.L T TGEND(1).AND=P{2,J).GT.TGEND{2))})
X STOP=L.TRUE.

459 IF {.NOT.FIRST) €C TC {201,202%1,NOUT

460 FIRST=,FALSE.

461 STCP=L.FALSE,

462 READ (5,3} NOUT,TGEND

463 3  FCRMAT (12.5F6.2)

464 TCEND(2)=TGEND (2} %GR ARAD

465 IF (NGUT.EQ.0) NGUT=MOBE

466 GO TO {101-102)sNCUT

461 101 WRITE (6,111)

468 111 FORMAT (°* T6 ALT COLAT ELE GFP FCO FC2 %
1 MU? 4 ' BETA DELTA?®,
2° PSI PSIR IHE P4/ /)

469 201 WA=WGFI{J)/MASS

€ etk ok o ot o e s ofeofs i 3 ook s e e o o o ol o e ol e ool ol e o ok oo e o o ke ko ek el e kol e ke ko ek ke Rk kR Rk KB

C *%#FCO0 AND FC2 ARE CALCULLATED SUPPOSING ONLY H+ AND O+%%*
Aotk oo e desfe et ok ook ok o ok o ok ok oo ook o kol o ook de sk ek ok e desiok otk el ok kR ok ke C

470 WE=WGF(JI*{WALPHA(J)*0.0625+WGAMAL{ J} )/ MASS

411 WC=WGF{J)*SQRT{WCAMAL{J) +WALPHA(J ) *0, 0625%%2) /MASS

412 WE=WALPHA{J)*100.0

473 WF=WAR{J)

414 WRITE (65121) Pl4sJdsZ1+125 ELEsWASsWBsWCs WMULJ ) »
X ALFAG,DELTA, PSIG,PSIRGsWE

475 121 FORMAT(FB.43;F9.14F7.2y F5:.24FB8.33F8,34F9.3y F8.154F8,2
1;F7.2)

476 IF(STGP) GO TO 3CC

411 RETURN

478 102 WRITE {65112)

479 112 FORMAT (*® 16 ALT LAT INV ELE GF FLHR L)
X?FOE MU 1?7, ’ BETA DELTA ¢,
Xt pSI PSIR ZH+" /7))

480 202 WA=WGF{J)

481 SLMQ={WALPHA{J) +WBETA(J)*0.25+WGAMALJ}*0,0625)/MASS

482 WB8=SQRT{SUMQ/{1.C/WFCE{J)*%x2+ 1, 0/HGF1J)*#2))

483 WC=WFOE(J)

484 WF=WAR(J)

485 CCSINV=SQRT{1.C/ELE)

486 SININV=SQRT{1.0-COSIN#COSINV)

487 INV=ATAN{SININV/COSINVI*RADGRA

488 WE=WALPHA({J)}*1CC.CC
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489

490
491
492
493
494
455
496
497

498

WRITE {65122} TG 3213922 yINVYELEs WAy WB,WC, WMU{J) ,ALFAG, DELTA,
X PSIGsPSIRGHHE
122 FORMAT (F8.43F9013FT42sFTe39F5.2)F8414F6.2:F9,2:FB.1,4FB.2,F8.2)
IF (STOP) GO TO 200
RETURN
300 WRITE (6,302) 11,22,CELTA,PSIG,PSIRG
302 FORMAT [* *,;% GFEIGHT=',EL14.7," LAT=*E14.7y" DELTA=®3E14.7»

x Y OPSI=*3E14.T," PSIRES=",El4.7y/)
WRITE {6,3C3)
303 FORMAT (' *%4/»" *x% END OF PATH. *%x%x1!)
RETURN1
CResdddddiok ook dokdodokd 4 44 dodoiok ko Sk folok R fo ok dokgopiolo ok k Kk Rk RR R E R Rk LR (
ENC
$DATA
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APPENDIX B.

An example of input cards is shown in Table 4. The numbers printed
at the top correspond to the column numbers on the card.

In card #1 the wave frequency (FKC), the mode of propagation (MODE)
and the angle that will give the wave normal direction (OPTION) are
specified (see text).

In this case:

FKC = 10.0 kHz (E6.1),

MODE = 2(I2), and

OPTION = TRUE (L5).

The Format is given by the field specification shown between parenthesis.

The initial conditions are punched on card #2. They are the height
(HEIGHT), the latitude (LAT), the angle between the vertical and the
wave normal (DELTA), and the angle between the earth's magnetic field and
the wave normal (PSI), this being specified only if OPTION = FALSE.

In this case:

HEIGHT = 500.00 km (F8.1),

LAT = 45.00° (¥8.2),

DELTA = 00.00° (F8.2) and

PSI = blank (F8.2).

Card #3 gives the parameters used in the ADAMS subroutine. They are:

SKIP = FALSE (15),
-5

ABSB = 10 (E6.1),
-5

RELB = 10 (E6.1),

KOUNT = 1 (1I3),

N = 4 (I2) and

HM = 500.0 (F6.2). - 109 -
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In this case at every step of the integration process the error
check is done. The absolute and relative error bound are equal to 10-5.
At each step of the integration a result is printed out (KOUNT = 1). The
number of equations to be integrated is equal to 4, and the initial incre-
ment of the independent variable is 500.00 (the initial increment is the
phase time interval multiplied by 3.0 X 105).

Card #4 gives the value of the equivalent electron gyrofrequency in
kHz, at the earth's surface and at the geomagnetic equator. For this
case an equivalent electron gyrofrequency equal to 870.0 kHz was
considered.

GFO = 870.00 (¥7.2).

The parameters for the electron density model are given in card #5,
which are:

HBASE = 1000.0 km (F7.2)

NEO = 7.5 X 103e1/cm'3 (E6.1),

ALPHAO(2) = 10.00% (F5.2),
ALPHAO(3) = 00.00% (F5.2),
ALPHAO(4) = 90.00% (F5.2),

THERM = 3000.0°K (F6.1),

NUM = 4 (12), and

M = 3 (I2).
Where HBASE is the height at which the electron density (NEO) and the ion
composition are specified (ALPHAO(2) -%H+, ALPHAO(B) —%He+ and ALPHAO(4)
—%O+). When the percentage of one of the ions is equal to zero the
variable IM assumes the value that specifies this ion, in this case it is

the number 3, since ALPHAO(3) = 00.00.
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The last card is the one read in the ESC subroutine:

NOUT = 2(12),

TGEND(1) = 500.00 km (F6.2),
TGEND(2) = 90.00° (¥6.2), and
TGEND(3) = 2.50 sec (F6.2).

NOUT can assume two values, 1 or 2, which correspond to the output
required. When NOUT = 2, the output is the one shown in Appendix C.
The ray path will stop if the height reached is less than 500.00
(TGEND(1)) and the latitude is greater than 90.00° (TGEND(2)). However
in all cases where the group time delay is greater than the 2.5 sec

(TGEND(3)) the ray path will stop (statement #458).
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APPENDIX C.

A listing of the output is given in Table 5. The data generating
this output are shown in Appendix B. In the heading of the output are
printed the frequency, the angle of the vertical with the wave normal,
the mode of propagation, the initial increment (:HM/SQRT(FKC)) and the
number of steps that are given between the results. Also specified in
this heading are the electron gyrofrequency and the parameters of the
ionization model.

This output was generated specifying NOUT = 2, which is the appropriate
output for the electron whistler mode of propagation.

The compilation time (3.28 sec), the execution time (8.88 sec) and
the total area used are given at the end of the listing (TOTAL AREA =

OBJECT + ARRAY ARFEA = 22656 BYTES).
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FREQUENCY= C.10E 02KHZ

SKIp=

F

H= 158.1

ABSB= 0.1E-04

KOUNT =

Table 5.

DELTA=

RELB=

1

OUTPUT LISTING.

0.00

0. 1E-04

MODE 2

*%%* THE EARTHS MAGNETIC FIELD IS REPRESENTED BY A CENTERED DIPOLE WITH A GFO= 870,00 KHZI ***

xk THE
CENS

NEO=

16

0.000¢C
IN THE

0.6003
0.0005
¢.C0Cs8
0.0011
0.0013
0.0016
0.0019
DOUBLE

IN ThE

C.0027
0.0032
0.0038
DOURLE

IN THE

0.0054
0.00€5
0.0C76
0.0C¢t6
0.0097
0.01C8
0.0119
0.0130
0.0141
0.0152
0.0163
0.0175
0.0186
0.01%7
0.0208
0.0220
0.0221
0.0242
0.0254
0.0265

ELECTRON
ITY AND 3 AT 1000.0KM
7500.0 Hé= 10.CC FE+= C.00
ALY LAT INV  ELE GF
500.C 45.00 47.C8€ Z2.16 1C96.6
FOLLOWING CALCULATIGN M= 0.15811380E
51049 44.58 417.1C7 z.16 1091.2
522.0 44.55 47,128 2.16 1085,7
$33.2 44.93 47.150 z.16 1080.1
544.,5 44,91 47.171 2.16 1C74.5
5564C 44.88 47.193 2.17 1068.9
56T.6 44486 47.214 2.17 1063.3
575.4 44483 471.236 z.17 1C517.6
H 0.£3245550€ €3
FOLLOWING CALCULATICN H= C.31622770€
615.€ 44.76 47.304 2.17 1040.4
640.6 44.70 47,349 z.18 1028.8
66602 44465 47.396 Z.18 1C17.0
H 0.12649110E C4
FOLLOWING CALCULATICN H= C.€3245550E
T47.3  44.47 47,540 2.19 $80.9
8042 44435 47.641 2.20 §56,0
86646 44422 47.745 Z2.21 930.6
931.6 44.(8 47.853 2.22 GC4.6
1000.8 43,93 47.565%5 2.23 878, 0
1073.8 43.76 48.C80 2.24 850.9
1161.5 43.59 48.199 2.25 823.3
1233.,7 43.41 48.321 2.26 755.3
132C.5 43.21 48.446 2.27 167.1
1411.7 43.C0 48.572 z.28 738.7
1506.9 42.79 48.700 2.30 71C.6
1605.4 42.56 48,828 Z.31 £82,9
. 17C6.5 42.32 48.655 2.32 €55.9
1809¢3 42.08 49.(C81 2.33 €29.8
1913.0 41.84 46.2C4 2.34 €04.8
2016.9 41.59 49.32232 2,35 £8i.0
21207 41.35 49.440 2.37 558.4
2223.,7 4l.1ll 49.%%3 Z.38 537.1
23254% 40.B7 49.663 2.39 517.0
2427.C 4C.£€3 4S.77C 2.40 498,.0

AND ION DENSITY MCDEL IS THE DIFFUSIVE EQUILIBRIUM ONE *#%

O¢=

FLHR

5446
03

5.43
5240
5.38
5035
5.33
5.31
5. 28

Q3

5022
5. 19
S5.16

03

Sel1
5.11
5.16
5424
5.37
5.55
5.78
6. 04
6433
6462
6.89
7.11
7.28
7.39
To b4
7. 45
T.42
7.36
7.28
7.18

90.00

FOE

1432.65

1411.73
1390,.94
1370.30
1349.78
1329.41
1309.17
1289.07

1229.66
1190.77
1152.50

1041.406
970,81
9C3.09
838.54
T77.49
720.30
667 .43
619.37
576.61
539.56
508,40
482.98
462.84
447,20
435,21
426.00
418,87
413.24
408.68
404.90

114 -~

MU

14.5

14.4
14.2
14.0
13.8
13.7
13.5
13.3

12.8
12.5
12.1

-

COoOVOVVNMEOTO u~NNOEO VO -~

MR EEEEEEEER

CO VLUV VDONPOCOWHWDS OWON

TEMP= 3000.0

BETA

-12.39

-12.38
~12.36
-12.35
~12.34
~12.32
-12.31
-12.30

-12.25
~12.22
-12.18

~-12.,07
-11.98
-11.89
-11.78
-11.66
-11.53
-11.40
-11.25
=-11.09
~10.94
-10.80
-10.67
-10.56
~10.48
=~10.41
-10.37
-10.34
-10.33
-10.32
-10.33

DELTA

0.00

0.05
0.09
O.14
0.19
0.24
0.29
0.35

0.51
0.63
0.75

1.15
1.45
1.78
2.14
2.53
2.96
3.42
3.91
442
4.94
5.45
5.93
6436
6.75
7.09
7.38
T.64
7.86
8,06
8.24

PSI

=26.57

~26.54
-26.51
—~26.,48
~26.45
~26042
~26.39
~26435

—26.25
~26.18
-26.10

-25.84
—-25.64
—25.42
-25.17
~24.90
~24.61
~244.29
-23.95
-23.60
~23.26
-22.93
~22,65
—22.41
-22.22
~22.09
~22.01
-21.97
~21.95
—21.96
-21.99

PSR

~89,45

—-89.44
~89 .44
~89,.43
-89 ,42
-89.42
~89,41
-89.41

~89,38
~-89,37
-89,.36

-89.31
-89,28
-89.24
~-89.21
-89,17
-89,13
-89.10
~89.07
-89.04
~89.01
-89.00
~88.98
-88.96
-88.94
~88.92
-88,89
~88,.85
~-88,.82
-88.77
-88,73

T+

1.02

1.08
l.14
1.20
1.27
1.35
1.43
1.51

1.81
2.04
2.30

3.36

4.38

5.73

7.56
10.02
13.32
17.67
23,28
30.26
38.52
47.66
57.06
65,97
73.83
80.31
85.40
89,26
92.11
%.20
95.71



0.0277
0.0288
0.G299
0.0311
0.0322
0.0333
0.0344
0.0356
0.C367
0.0378
0.0390
DOUBLE

IN THE

0.0424
0.0446
0.046S
0.0492
0.0514
0.0537
0.0560
0.0582
DOUBLE

IN THE

0. 0651
0.C6S6
0.0742
0.C788
0.0835
0.C881
0.0928
0.0915
0.1022
0.1069
Q.1116
DOUBLE

IN TrE

0.1261
0.1358
0.1457
0.1558
0.165S
0.1762
0.1867
0.1974
0.2082
¢.2192
0.2304
DOUBLE

IN THE

0.2654,

0.2899
0.3156

2527.0
262541
2723.2
2815.4
2914.3
3008.1
31CC.€
3191.9
3282.C
3371.C
3458.8

40,39
40,16
29.93
39.70
39.48
39.26
39.04
38.83
38,62
38.41
38.20

49,873
49.573
5C.C7¢C
50,164
50256
504345
50,431
5C.515
504557
£0.6176
50.754

H  0.2529E220FE 04

FOLLCWING

3716.C
3882.3
4044.¢
4203.6
435G,.C
4510.9
4659.7
4805.4

CALCULATICN h=

37.60
37.21
36.83
26446
36410
35.15
35.40
35.06

50.575
51.113
51.245
€1.372
51.493
51.609
51.720
51.827

K 0.5C59€440E 04

FOLLOWING

522544
5492.2
5749.4
5697.5
6237.2
6469,.2
669347
6911.2
7122.2
7326.5
7525.7

CALCULATICN H=

34.08
33446
32.€5
3z2.271
31,70
31.15
30.€2
30,10
29.59
29.C9
28460

£2.128
82.3C7
52.4176
52.€35
52.785
§2.92¢€
53.C59
£3.185
53.304
53.417

€3,628

K  0.1C11S280E 05

FOLLOWING

8C89.3
8440.0
8172.7
9088.6
9388.9
96T4.¢€
9945.6
10205.6
10452.3
10687.2
10910.9

CALCULATICN h=

27.21
26,322
25,46
24,62
23.81
23,02
22.25
21.50
20,75
20.02
19.31

£3.818
€3.591
54.150
€4.266
54.430
54,583
S4,66€
54.7170
4,861
54.955
55.(37

E  0.20238570€ QF

FULLOWING

11518.S
11874.17
12193.2

CALCULATICN H= 0.10115280E

2.41  480.1
2,42 463.3
2443 447.3
Z.64  432.3
2.45  418.1
Z.46  404.7
2.46  391.9
2.47 379.8
2.48 368.4
2449  357.5
Z.50 347.2
C.12649110E
.52 218.0
2.54  3GC2.3
2.55 287.1
2.57  Z73.1
2.58 260.3
2.59  248.4
2.1 237.5
2.62 227.4
C.25298220E
2.65 201.1
2.67 18644
2.70  173.4
2.72 162.0
2.73  151.8
2,75 142.7
.77 13446
2.78  121.2
2.80  120.5
2.82 114.5
2.3 1C8.9

2.81
2.89
2492
2454
2.6
2,97
2.59
3.01
3.C2
3.03
3.C5

17.20 55.242 3.C8

15.83
L4.46

55.351
554439

2.09
3.11

C.50556440E

94,9
87.3
80.8
75.1
70.2
65.8
61.9
58.5
55.5
52.7
50.2

44.2
41.0
18.3

7.08
6.97
6. 86
6.75
6. 64
6.53
6.42
6. 31
6420
6. 09
5.99

04

5.69
5.49
5.31
5. 13
4.96
4480
%4465
4.50

04

4.09
3.85
3.63
3.43
3.25
3.08
2.93
2. 78
2.65
2453
2.42

04

2.13
1.97
1.83
1. 71
1.60
1.51
l.42
1.34
1.28
i.21
1.16

05
1.02

0. 95
0.89

115

401.68
398.87
396.37
394.11
392,04
390.11
388,31
386.61
385.00
383.46
181.99

377.92
375444
373.13
370.96
368.91
366.98
365.15
363.42

358.72
355,93
353,38
351.04
348.88
346.88
345.02
343.28
341.66
340.15
338,72

334.93
332.73
330.76
328.97
327.34
325.86
324.50
323.26
322.11
321.05
320.08

317.56
316.17
314.98

acoOCrOrOOCOOOO
N oM PHPWNN-

« 0 6 8 & 6 & & b &

BN~ N~
PP
N o= Dy O D

e s 4 s 0

12.5
13.1
13.7
14.3
14.8
15.4
16.1
16.7
17.3
17.9
18.6

20.6
22.0
23.5

-10.33
=10.35
-10.36
-10.38
=10.40
~10.43
=-10.45
~10.47
-10.50
~10.52
-10.55

~-10.63
~10.68
-10.74
-10.79
-10.85
-10.90
-10.95
~11.00

-11.15
~11.24
-11.32
~11.40
-11.48
-11l.54
-11.60
-11.66
-11.70
-11.74
~11.78

—-11.83
-11.83
-11.80
=11.74
-11.65
-11.52
-11.36
~11.17
=10.94
-10.67
—-10.36

~-G.20
-8.,21
-7.04

8.40
8.56
8.70
8.84
8.96
9.09
9.20
9.32
9.43
9.53
9.63

9.92
10.10
10.27
10.44
10,59
10,75
10.89
11.03

11.43
11,68
11.91
12.14
12.36
12.57
12.77
12,97
13.16
13.35
13.53

14,07
L4.41
14,75
15.08
15.41
15.74
16.06
16.38
16.71
17,03
17.36

18.36
19.08
19.76

—22.04
=22.09
-22.15
~22.22
-22.29
=22.37
=22.45
~22.53
—=22.62
~22.71
-22.80

-23.07
=23.26
=23.45
~23.65
~23.84
—24,04
—24.24
=24.44

=25.04
~25.44
~25.84
~26.24
—~26463
-27.03
=27.42
-27.82
-28.21
~28.60
-28,98

-30.14
-30.90
-31.65
=32.41
-33.15
-33.90
~34.65
-35.39
-36.13
-36.88
—-37.62

-39.88
~4l.41
—42.96

-88.69
~BB.64
-88460
-88.55
-88.50
-88.45
-88.41
~88.36
~88.31
~88426
-88.21

-88.07
~87.97
-87.87
-87.76
-87.66
-87.56
~87.45
~8T7.34

~87.02
-86.80
~86.57
~86.34
-86,10
~85.87
~85.63
-85.38
~85.13
-84,88
-84 ,63

-83.86
-83.34
-82,81
-82.27
-81.73
-8l.18
~80.64
~80.09
~79.55
~79.00
~18.46

~76.86
~75.82
~-74,83

96.81
97.61
98.20
98.63
98.95
99,19
99.37
99.50
99.61
99.69
99.75

99.86
99,91
99.94
99.96
99,97
99.98
99.98
99,99

99.99
100.00
100.00
100.00
100,00
100.00
100,00
100.00
100.00
100,00
100.00

100.00
100.00
100,00
100.00
100.00
100,00
100.00
100,00
100.00
100.00
100.00

100.00
100,00
100.00



0.3426
0.3710
0.4012
0.43132
0.4615
045044
045444
0.5883
0.6369
0.6914
0.7539
IN THE

C.7889
0.8271
0.8693
0.9163
0.9657
IN THE

0. 99985
1.0317
1.C670
1.1C€1
1.1499
1.2002
IN THE

1.2284
1.2593
1.2937
1.3324
1.3771
IN THE

1.4025
l.43C6
1.4623
1.4989
1.5427
IN THE

IN THE

1.5554
1.565C
1.5836
1.59%6
l.6172
1.6368
1.65%4
1.6860C
IN THE

1.7018
1.71%6
1.74C4
1.7655

12475,€ 12.11 55.508 3.12
12722.4 11.75 55.558 3.13
12933.9 10.37 55.59C 3.13
1310S.3 8.58 55.6C4 2,13
13247.5 T.55 55.601 3.13
1334¢€.3 6.C7 55,578 3.13
13402.4 «52 55.836 2.12
13410.9 2.90 55.472 3.11

13364.8 1.16 55.383 32,10
13253.0 ~C.74 £%.2€€ 3.(8
13058.6 —2.84 55.113 2.06

36.1
34.3
32.8
31.5
30.6
29.8
29.4
29.2
29.3
29.8
30.8

FOLLOWING CALCULATICN H= C.50556440E

12922.4 —4.00 55.C21 3.C4
12753.4 —5.26 ©4.916 2.03
12844,3 —~6.63 54.795 3.C1
12284.6 —8.15 £4.€54 2.%9
11958.1 —~9.89 54.490 2.96

31.6
32.6
33.9
35.7
38.1

FOLLOWING CALCULATICN k= (C.25298220E

11762.4 —~10.85 54,357 2.5
11539.C ~11.,91 54.294 2.64
1128l+4 ~13.C7 54.180 2.62
1C0980.3 —14.37 54.053 2.90
10621.9 —~15.84 53.9C9 2.88
10184.4 ~17.57 £3.742 2.£6

39.7
41.6
43,9
46.9
50.7
56.0

FOLLOWING CALCULATICN ¥= 0.12649110E

992£.2 -18.57 53,648 2.85
9630.0 ~19.67 £3.544 2.83
928842 —20.92 £3.429 2.82
8883.7 -22.37 53,299 2.80
8390.0 —24.10 £3.149 2.78

59.4
63,6
68.9
75.9
85.7

FOLLCWING CALCULATICN += 0.€3245S50E

8096.2 ~25.11 53.0€4 2.77
TT5940 —26+26 52.570 2.76
7363.7 ~27.58 52.865 Z.14
688643 -29.17 52.745 2.13
6283.9 -31.14 52.604 2.71

52.2
100.5
111.3
126.4
149.1

FOLLOWING CALCULATICN H= 0.31622770E

FOLLOWING CALCULATICN H= 0.15811380E

61C4.3 ~31.72 52.564 Z.171
5909.4 —~32.36 52.522 2.70
56%96.2 =33.05 52.476 2.70
5460.9 —33.81 £2.428 2.69
516843 ~34465 52.376 Z.68
4900.7 ~35.61 52.218 2.68
45572 =36.71 52.255 2.67
4150.1 -38.01 £2.184 2,66

156.8
165.7
176.2
188.7
204.0
223.2
248,2
282.5

FOLLOWING CALCULATICN H= 0.79056940E

3912.7 —38.77 £2.144 2.66
3646.0 -39.63 52.101 2.65
3341.1 ~40.€1 £2.054 2.£4
2985.3 —41.75 52.002 2.64

305.2
333.6
370.1
419.4

IN THE FOLLOWING CALCULATICN k= C.39528470E

0. 84
0. 80
0.76
0. 73
0.71
0.69
0. 68
0. 68
0.68
0.69
0.72
04

0.73
0.76
0.79
0.82
0.88
04

0.92
0.96
1.02
1.08
1.17
1.29
04

1.36
1.46
1. 57
1.73
1.94
03

2.08
2.25
2. 47
2. 77
3.20
03

03

3.34
3.50
3.68
3.89
4. 14
4. 43
4.79
5.25
0z

5.52
5.84
6.21
6. 64
02

313.96
313.10
312.38
311.79
311.34
311.02
310.84
310.81
310.96
311.32
311.96

312.42
312.99
313,72
314.65
315.86

316.60
317.48
318.52
319.78
321.35
323.36

324,61
326,09
327.88
330.12
333.04

334.88
337.11
339.88
343.48
348.47

350. 06
351.86
353.90
356.25
359.01
362.32
366.41
371.68

375.00
378.99
383,97
390.57

116 -

25.0
26.7
28.5
30.5
32.7
35.0
37.7
40.8
44.3
48.6
53.7

56.8
60.4
6445
69,5
75.6

79.2
83.4
88.3
94.0
101.1
110.1

115.6
122.1
129.9
139.6
152.3

160.3
170.0
182.0
197.8
219.9

226.9
234.7
243.7
254.0
266.1
280.9
299.5
323.7

338.4
356.5
378.3
406.6

-5.68
-4.15
—2.44
~0.59
1.39
3.44
5450
7449
9.33
10.91
12.12

12.54
12.81
12.91
12.82
12.49

12.23
11.88
11.45
10.91
10.26
9. 46

8.99
8447
7.88
T.22
o647

6.04
5.58
5.07
4451
3.87

3.69
3.50
3,31
3.11
2.89
2.66
2.41
2,14

1.99
1.84
1.67
1.49

20.49
21.26
22.07
22.93
23.85
24.83
25.89
27.05
28.34
29.78
31.44

32.37
33.38
34.51
35.77
37.21

38.01
38.89
39.86
40.94
42,17
43.61

44443
45.33
46436
47.53
48.92

49.73
50.64
51.69
52.93
54.45

54.90
55.38
55.90
56.48
57.11
57.82
58.64
59.59

60.14
60.75
61 .45
62+25

-44,54
-46.15
-47.82
~49,53
~51.31
-53,17
~55.11
-57.16
-59,35
~61.69
~64.23

-65,60
~-67.04
—-68.58
-T0.22
-72.01

-72.97
-73.97
-75.04
~76.18
-77.41
~78.74

~-T79.46
-80.23
-81.05
-81.93
-82.89

-83.41
—-83.97
~84.57
-85.22
—85.94

—-86.14
-86.34
-86.55
-86. 77
-87.01
—-87.25
~87.52
-87.80

-87.96
~-88.12
-88,.30
~88.49

-73.88
~73.00
~-72.19
~Tl.47
~70.86
- 10.39
-70.06
~69.92
-T0.00
-T70.34
-71.01

~T1.49
-72.08
-72.81
-73.68
-T4.75

-75.36
—~T76+04
~-76.79
~T17.63
~78.57
-79.64

—-80.24
-950.88
~81.58
—-82.35
-83,21

—83.69
~-84.19
-84.75
—-85.35
~86.,04

-86.22
~B86.42
~86.62
-86.83
-87.06
-87.30
-87.55
-87.83

-87.98
~88.14
-88,31
-88.50

100. 00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100,00

100.00
100,00
100.00
100.00
100.00

100.00
100.00
100.00
100.00
100.00
100.00

100.00
100. 00
100.00
100. 00
100.00

100.00
100.00
100.00
100.00
100.00

100.00
100.00
100,00
100.00
99.99
99,99
99.98
99.95

99.91
99.84
99,66
99.13
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APPENDIX D.

The Haselgrove [1954] equations are reduced to the following equations
in the case where the wave normal lies in the r - 6 plane and there is

no longitudinal gradient.

p
dr c r u
at " u <u —55;)’ (©.1)
9_9.._.0_. p_e.. ap’ (Dz)
dt ~ ru \ u Spe ? .
dp
r ¢ ou do ‘
a9t _Egl-'_-l- pea-{ and (D.3)/
dp
0 1 c AU dr
—_—== = - — (D.4
at r(ué'e_ pedt>’ (D.4)
where
r and & -~ polar coordinates of a point on the ray path,
g - phase refractive index,
¢ - velocity of light in a vacuum,
t - phase time of the principal wave,
. and Pg - polar projection of the vector B = { K,
X - unit vector perpendicular to the wave front.

Calling the angle of the wave normal with the vertical vector 6,

the following expressions may be written:

0, =K cos 8 (D.5)
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and

pe = | sin § (D.6)

In the Haselgrove equations the phase refractive index is a function of

r, 0o, pr and pe, since it is supposed that the direction of the

magnetic field is unknown. Therefore

. cosy - u Y

u_wA _x (P
%% %, o

oJ (j=r,0) (0.7)

uzsinw

where Yoj is the direction cosine of the magnetic field.
Calling the angle of the magnetic field with the radial vector Y, Yoj

is expressed as

cos vy (D.8)

[
1

or

and

Y

00 gin vy (D.9)

Therefore using the expressions above, Eq. (D.1l) may be written in

the following way:

dr c . 1 o
dr ¢ - - , D.10
at = o siny [51n¢ cosd e (cosd cosy cosy)] ( )
but
t N
an o = " SE ’
therefore
dr _ € | coss (siny + tano cosy) =~ tan ¢ cosy (D.11)
dt b osing
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or, using the relation (see Figure D-1),

Y=%6-19,

Eg. (D.11) may be written in the following way:

%% = 5 [cosé(sinw + tang cosi) - tang(cosd cosy + sind sin¢)}, (D.12)

and, finally

dr C
at = T cosu. cospB , (D.13)

where B 1is the angle of the ray with the radial vector (see Figure D-1).

In the same way it is shown that Eq. (D.2) may be written as

-— = —————— ginf . (D.14)

It was, therefore, shown that Eq. (15a) and Eq. (15b) are equivalent
to Eqs. (D.1) and (D.2).
Now it is necessary to show that the expressions for dé/dt may be

derived from Eqs. (D.1) to (D.4). The angle 06 is given by

- p
5 = tan~! <_9) (D.15)
Pr
Therefore
dp dp
dd 1 B . _r
aT = II (0086 a'%— - sind at ) (D.16)

Substituting Eqs. (D.3) and (D.4) into Eq. (D.16) and after some algebraic
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Figure D-1.

24
*
Y .
Y
~
{ oN eo
(o]
2]
X

At a given point on the ray path in polar
coordinates, r - 6, the wave Eormal ﬂ
and the static magnetic field B are
shown. The angles are positive n the
clockwise direction.
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operations the following expression is obtained

dé ¢ cosd Au . o . cosd dr . a0
il ;5 ( — 35 " sind 3 sind = ot * sind r ) (D.17)

Using expressions (D.13) and (D.14) and after some algebraic work

Eq. (D.17) reduces to

dd ¢ cos® A -1 c .
= ( — S5 - sind 5;) o sind (D.18)

Therefore Eqs. (D.1) to (D.4) are reduced to Eqg, (15a-b), and

Eg. (23).
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APPENDIX E.

To understand the behavior of the ray path it is helpful to have
the differential equation that governs the variation of the angle (y)
between the wave normal and the geomagnetic field, with phase time.

From Eg. (11) and the relation (see Figure E-1)

d= Y + | (E.1)

the following equation is derived

ST d
g% = ig l:%% cosdp - 5% 51n¢] - a% , (E.2)
where Y 1is given by
dy _ 9y dx  9Jydy
at =~ 3x at T Jy dt (E.3)

for the case of a static magnetic field.

Combining Eqs. (E.3) and (13a-b) the following result is obtained

dy - — [sin(a + &) %% + cos(a + @) %%] (E.4)

dt QL cosg,

Now using the relation

%\;_ (E.5)

tang = -

T

in Eq. (E.4) the following equation may be written
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Figure E~1.

In a cartesian system of coordingtes, x-y, the

angles between the wave normal k, the direction
of the energy, RAY, and the static magnetic field
BO with the vertical are indicated. Also shown

are the angles hetween these vectors. The angles
are positive in the clockwise direction.
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- &
T2

2

Q“Q-
o<

{ %% sind - %% cos¢] + & [:g% sind + g% cos¢]

T

The phase refractive index is a function of X, Y and V,

functions of x and vy, and therefore

X . ayi du d
=213 a— Err e

and
ox oY
i A 0
2 x X, 5 ¢ 2: v, 1 * %% Sm
i i i i
but
Y= -4
resulting in
oy o
il -
and
oy d

Combining Eqs. (E.2), (E.6), (E.7) and (E.8) results in

OxX OX,
P %l(—s-}—{—-cosdJ E = sin¢ +

>> S oY, ) o o ind| - £|sind aV+cos<1> v
MR Rk B VI e : 3 =

Now defining

- =
k = sin¢ gx + cosd e
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which are

(E.8)

(E.9)

(E.10)

(E.11)

(E.12)

(E.13)



and

- =3 . -
KL = coso e - sing ey (E.14)

Equation (E.12) may be written as

dy c O logu = d logu - c -
- = z . E 7 . - = vk .
at m - —Ei;_- VXiV kl + - —3§;—~ Yi k‘ m vy k (E.15)

Now two hypotheses are made about the medium, first that the magneto-
sphere is constituted of electrons only (which ig a good hypothesis for
wave frequencies above the LHR frequency) and second that the earth's
magnetic field is represented by a centered dipole. For this case the
following expression may be written for the gradient of the direction of

the magnetic field:

2
cos” O + 1 g (E.16)

3
V'Yz—
rs cosz 0 + 1 ©

The phase refractive index, applying the quasi-longitudinal (Q.L.)

approximation (see Helliwell [19651]), is

Mz = §—€5g§$f:ff (E.17)
which is a good approximation for the case in study. Therefére
d logu __1 cos (E.18)
Y 2Ycos @ -1
and
é_?igﬁ - &= (E.19)
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For the electron density distribution a diffusive equilibrium model
is assumed and therefore the following expression may be written for the

electron density:

—z/2H
n,o=mn,, e (E.20)
From which results
X Oz =
VX = - 3E S or (E.21)
where
rb)
Z = rb (1 - (E.22)
and r 2
aZ b .
==\ (E.23)
Since a dipole has been considered, the gradient of Y is given by
vy = -2 yo 43y _cosb sinb = (E.24)
r r 2r 5]

3 cosze + 1
Combining Egqs. (E.15) to (E.24) results in

2

r .
a_ec ) b s - % Y cos § _ (sin5 _ Sind cos® cosé) - (E.25)

dt pr 4Hr Ycos ¢ -1 3 cos20 + 1

2
_g.co8 8+ 1 s

3 cos O+ 1

or
ay ¢ . _ 3 _Ycos . -t - f siné E.26)
at = ur flslné 2 Yoos § =1 (f251n6 3cosé) 4Sin (
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where fl, is the term due to the vertical gradient of the electron den-
sity; ‘f2 is the radial .component of the gradient of the magnetic field;
f3 is the 6 component of the gradient of the magnetic field, and f4

is the term corresponding to the variation of the magnetic field direction.

The terms fl, f3 and f4 are plotted in Figures E-2, E-3 and E-4,

respectively.
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3.0

(.
B '~ 3Hr
2.0+~
fy
1.0
| | | I I )
8 {0 12 14 16 18

GEOCENTRIC DISTANCE (X 10%km)

Figure E-2. Plot of function f versus
geocentric distance. 1In this
case the height 1000 km and a
scale equal to 1000 km were
taken for the base level.
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APPENDIX F.

The objective of this appendix is to show the general form of the
differential Snell's law.

A vector E is defined as

=p K (F.1)

ol

where | 1is the phase refractive index and ? a unit vector perpendicular
to the wave front.

The cartesian components of B (see Figure F-1) are

p, =W sind (F.2)
and
p, = K coso (F.3)
y
The total time derivatives of Py and Dy are
dp
X i du do
—_—= — F.4
3% sind & + i cosd T ( )
and
dp
L di _  sino 92 F.5
Sp = cosd 3¢ ~ W sino ¢, ( )

where, for the case of a stationary medium

du o dx o4 dy | du d¢ (F.6)
t
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Figure F-1.

_ 7
k = —
L
LOCAL
STRATIFICATION
X

At a given point in a cartesian
system of coordinates, x and vy,

the direction of the local strati~
fication (%), the unit vector K

and the unit vector & perpendicular
to the local stratification are shown.
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Combining Eqs. (F.4), (F.5), (F.6) and (13a) results in

Px _c
dt T pu Ox (F.7)
y,o
and
d
fl:g%*i (F.8)
dt g
M oy X, b
Since
- = -
P =P, € 7 Dy ey (F.9)
Equations (¥.7) and (F.8) may be written in the following way
dp Cc ~
dt_»_g-vp (F.10)
where ¥V is an operator defined as
’ﬁuz%ﬁ P= = (F.11)
X x Qy y
y:¢ X0

This operator is not the gradient operator (V), because  u 1is not only
a function of position, x and Yy, but also of direction. For an
isotropic medium p is only a function of position and therefore for

this case

%JHEV}J.

The %Iu is always calculated keeping the direction of the vector 3
constant. As an example the expression for ﬁ'u is now found in ~

polar coordinates.
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The two dimensional Haselgrove [1954] equations in polar coordinates

are
dr c
r
dé ¢
a—g:;;;(pe-p g‘ua") (Fo13)
9
dp
r c du df
3T ~ug;+ pe 3T (F.14)
e _c @ Coar (F.15)
dt ~—ur 08 r dt :
Starting from Eq. (F.10) the Eqs. (F.14) and (F.15) are derived,
In polar coordinates the vector 3 is given by
z e e (F.16)
P = FrCp tPg %y .

resulting in
= dp dp
dp T dg ) = ) dé | =
'd—t'"(dt Pg dt) ®r T (dt to.qt ) % (FID

Now writing p as a function of r, © and & (see Figure F-2), the

action of the operator"$ upon | results in

° (F.18)
r,o ) 0

From Figure F-2
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Figure F-2. At a given point in a polar system of
coordinates, r and 0, the phase
refractive index vector, . p, and the
static magnetic field Bb are shown.
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and therefore

= F.19
S35 - 5'“7 ( )

Combining Eqs. (F.10), (F,17) and (F.18) the results are

r c do
dt T or " Peat (F.20)
and
dp
B ¢ o) ol do
= u——r (g_e - 5—1[1) - pr -y (F.21)

It is necessary to show that Egs. (F.20) and (F.l4) are equivalent, or to

show that
%%%+prg—i-=g§g—§ (F.22)
From Eq. (15b)
do
3T = ¥ cosa cosR (F.23)
and the relation
tana = - &%ﬁ- , (F.24)
the left-hand member of Eq. (F.22) may be written as
5; %% + 0, Q% = ;—Eﬁga-siné sinf (F.25)
Using
Pg = H sind (F.26)
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and (see Eq. (15a))

sinR (F.27)

Q..lCL
(el kel

_ [ .
T U cosa

results in

Pe

r

dr . N
T sind sinp (F.28)

ryu cosq

which shows that Eqs. (F.15) and (F.21) are equivalent.

Now defining a vector E such that

a3

£ - (F.29)

R

K
=

and taking its vector product with Eq. (F.10) the following equation is

obtained
- dp
Ex £ =0 (F.30)
or
dExD) _ o =0 (F.31)
dt dt

Equation (F.30) or (F.31) are the differential Snell's law for any
medium.
In the next paragraph the differential Snell's law for a two dimen-

sional geometry is derived from Eq. (F.31). The local stratificiation

is defined as being the vector gl such that

E .E=o0 (F.32)
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or

gl *Vu =0 (F.33)

The local stratification for a given direction of 7 is found by
looking for the locus of points that have the same phase refractive index
holding the direction of the vector B constant.

For the case of Figure F-1, the stratification is given by

A aul
> cosy + 55 siny = 0 (F.34)
¥, ¢ Xy

Uil

where % is the direction of the local stratification. The vector

is given by

E = - siny e_ + cosy e, (F.35)
x y
resulting in
Exp =~u cos (&-x) gz ; (F.36)
and
%P% X p = = u sinld-y) g-% 'éz (F.37)

The combination of Eqs; (F.31), (F.36) and (F.37) results in

diu cos(d~y)] by X
- e - p sin(@-y) -rila 0 (F,38)
or
At | gin(o-y) 3@ -
cos (¢-y) el sin(¢-y) 57 = 0 (F.39)
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Equation (F.39) represents the differential Snell's law for the geometfy
shown in Figure F-1.
In the case where a parallel stratification is supposed, X  is

constant, and also E ;» which results in Eq. (F.31) being simplified to

dExp)
— = 0 (F.40)
or using Eq. (F.36)
dlp cos(d-x)1 _ o (F.41)

dt

This is the form of the differential Snell's law valid only for parallel

stratification, that is, when

[«

¥ _ o0 (F.42)

Q

Equation (F.41) is the starting point for the development given in para-
graph 3 of the Haselgrove paper [1954]. Therefore indirectly a medium
was supposed with a parallel stratification in that paragraph. However

what is very interesting is that starting from Eq. (F.41), which is

only valid for parallel stratification, Eq. (F.39) is obtained, as is
shown below.

For parallel stratification

dlu cos(d=y)1] _

F.43
T 0 ( )

and

(F.44)

212
1]
o
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The combination of Egq. (F.43) and Eq. (F.44) results in

o

) sin(o—y) 12
cos (d-y) 37~ # sin(e-) 57 =0 (F.45)

which is the same as Eq. (F.39).
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